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Abstract:

A very impressive research work has been devoted in the last two
decades to obtaining fixed point theorems in b-metric space. The purpose
of this paper is to obtain some rational and common fixed point results for
fuzzy mapping in a complete dislocated 3-points b-metric spaces with Hausdorff
b-metric spaces.
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Introduction:

The concept of fixed point is fundamental in mathematics and its applica-
tions. A fixed point of mapping T : X  X is a point x X such that T(x) = x. Which
establish the existence and uniqueness of such points under specific conditions
Fixed point theorems for contraction mappings is one of the central results
of solving the large number of applications in mathematical analysis. In 1906,
Fréchet [9] introduced metric space. Later, in 1922 Banach [3] introduced Banach
contraction principle is one of the remarkably results which has played a crucial
role in the evolution of metric fixed point theory.

This principle and its variants provided a useful equipment in guaranteeing
the existence and uniqueness of solutions of various nonlinear problems; differential
equations, integral equations, optimization problems, variational inequalities. A host
of this principle has been made modified and extended by several mathematicians
in different perspectives, some of them are as follows. In 1965, L.A. Zadeh [27]
introduced the concept of fuzzy sets which become active field of research for
researchers. Czerwik [7] had an excellent idea to introduce the concepts of
b-metric spaces by weakening the coefficient of the triangle inequality and gener-
alized Banach’s contraction principle. Hussain et al. [12] introduced the new
concept of dislocated b-metric space as a generalization of metric space and
established to prove some common fixed-point results for four mappings satisfying
the generalized weak contractive conditions in partially ordered dislocated
b-metric space.

In 1975, Dass and Gupta [8] rational type contraction, if  a number
,[0, 1) with +1 such that

             d(y, Ty)[1 + d(x, Tx)]
d(Tx, Ty) ––––––––––––––––– + d(x, y)

                     1 + d(x, y)

condition to  prove a generalization of Banach’s fixed point.

Recently years various applications of fixed-point theorems have challenged
researchers to introduce different generalization of metric spaces, like Ciric Type
rational fuzzy F-contraction, fuzzy contraction in b-metric spaces, b-metric spaces,
S-metric spaces, rectangular S-metric spaces, dislocated quasi metric spaces and
dislocated quasi b-metric spaces, (see [6, 13, 16, 17, 19, 20, 22, 25]).
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In view of the above considerations, we prove some fixed-point results for
fuzzy contraction mapping with rational expression in generalization dislocated
b-metric spaces.

Preliminaries:

Definition 1.1: [7] Let X be a nonempty set and s 1 be a given real number. If
a function d : X × X  R+ satisfies the following conditions;

i. d(x, y) = 0 iff x = y

ii. d(x, y) = d(y, x)

iii. d(x, z)  s[d(x, y) + d(y, z)] for all x, y X

Then the  pair (X, d) is called a b-metric space.

Definition 1.2: [21] Let X be a nonempty set. A function d : X × X  R+. A pair
(X, d) is called a distance space. If d satisfies the following conditions,

i. d(x, y) = 0 iff x = y

ii. d(x, y) = d(y, x)

iii. d(x, y)  d(x, z) + d(z, y) for all x, y, z X

then, a function d : X × X  R+ is called a dislocated metric on X. If d is a dislo-
cated metric on X, then the pair (X, d) is called to be a dislocated metric space.

Definition 1.3: [10, 20] A fuzzy set in X is a function with domain X and value in
[0, 1], F(X) is the collection of all fuzzy set in X. If A is a fuzzy set and x X then the
function value A(x) is called the grade of membership of x in A. The -level set of
fuzzy set A, is denoted by [A], and defined as;

[A] = {x : A(x) } where  (0, 1]    [A]0= {x : A(x) 0}

Definition 1.4: [5, 2] Let X be any nonempty set and Y be a metric space. A mapping
T is called a fuzzy mapping from X into F(Y). A fuzzy mapping T is a fuzzy subset on
X × Y with membership of T(x)(y). The function T(x)(y) is the grade of member-
ship of y in T(x). For convenience, we denote the -level set of T(x) by [T(x)]
instead of [T(x)].
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Definition 1.5: [18, 22] A point xX is called a fuzzy fixed point of a fuzzy
mapping  T : X  F(X) if there exists  (0, 1] such that x  [Tx].

Definition 1.6: [11, 4] Let  X  be a nonempty set. A function dlb : X × X [0, ) is
called dislocated b-metric (or simply dlb-metric) if, for any x, y, z X and b  1, the
following conditions hold;

i. If dlb(x, y) = 0, then x = y

ii. dlb(x, y) = dlb(y, x)

iii. dlb(x, y)  b[dlb(x, z) + dlb(z, y)]

The pair (X, dlb) is called a dislocated b-metric spaces. It should be noted
that the class of dlb metric spaces is effectively larger than that of dl  metric spaces,
since dlb is a dl metric when b = 1. It is clear that if dlb(x, y) = 0, then from (i),
x = y. But if y = (X, dlb), may not be 0.

Example: [21] If X = R+{0} then dlb(x, y) = (x + y)2 defines a dislocated
b-metric dlb on X.

Definition 1.7: [1] Let (X, dlb) be a dislocated b-metric space.

i. A sequence {xn} in (X, dlb) is called Cauchy sequence if,  given  0, there
corresponds n0 N such that, for all n, m  n0, we have dlb(xm, xn) or
limn,m dlb(xm, xn).

ii. A sequence {xn} dislocated b-converges (for short dlb-converges) to x if
limn,mdlb(xn, n) = 0. In this case x is called a dlb limit of {xn}.

Definition 1.8: [24] Let K be a nonempty subset of dislocated b-metric space X,
and let x X. An element y0 K is called a best approximation in K if

dlb(x, K) = dlb(x, y0),

where dlb(x, K) = infyk  y K dlb(x, y).

If each x X has at least one best approximation in K, then K is called a
proximinal set. Denoted by P(X) the set of all proximinal subset of X.
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Definition 1.9: [24] The function Hdlb
 : P(X) × P(X)  R+, defined by

Hdlb
(A, B) = max{supaA dlb(a, B), supbB dlb(A, b)},

is called dislocated Hausdorff b-metric on P(X).

Lemma 1.10: [24] Let A and B be nonempty proximal subset of a dislocated
b-metric space (X, dlb). If aA then

d(a, B) H(A, B).

Lemma 1.11: [24] Let (X, dlb) be a dislocated metric space. Let (P(X), Hdlb
) be a

dislocated Hausdorff b-metric space. Then for all A, B P(X) and for each a A
there exists ba B satisfying

dlb(A, b) = dlb(a, ba)

Then Hdlb
(A, B) dlb(a, ba).

Definition 1.12: [14, 19] Let (X, d) be a complete metric space and S, T : X X
be two given mappings. Then we say that x X is common fixed point of S and T
if x = Sx = Tx.

Main Results:

In this section, we begin with the following theorem and definition.

Definition 1.13: Let X be a non empty set. A function dlb : X × X × X [0, ) is a
dislocated 3-point b-metric if there exists b 1 such that for all x, y, z, w X the
following condition hold

i. Dislocation: dlb(x, x, x)  0 and dlb(x, y, z) = 0  x = y = z

ii. Symmetry: dlb(x, y, z) = dlb(y, z, x) = dlb(z, x, y)

iii. Ternary triangle Inequality: dlb(x, y, z) b[dlb(x, y, w) + dlb(x, w, z) + dlb
(w, y, z)]. Then (X, dlb) is called a dislocated 3-point b-metric space.

Theorem 1: Let (X, dlb) be a complete dislocated 3-point b-metric space with
constant b 1. Let T : X F(X) be a fuzzy mapping. Suppose there exists
(x) (0, 1], satisfying the following condition
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Hdlb
  [Tx](x), [Ty](y), [Tz](z)   a1dlb   y, y, [Ty](y)   –––––––––––––––––

                                                + a2 dlb  z, [Ty](y), [Tz](z)   + a3 dlb(x, y, z)  (1)

For all x, y, z X ; x y  z and a1+ a2 + a3  1 where a1, a2, a3  0, then there
exists x*[Tx*](x*).

Proof: Let x0 X  be an arbitrary point in X. Let x1 [Tx0](x0) be an element such

that dlb(x0, x0, [Tx0](x0)) = dlb(x0, x0, x1). Again let x2 [Tx1](x1) be an element such

that dlb(x1, x1, [Tx1](x1)) = dlb(x1, x1, x2). Continuing in this process, we construct a

sequence xn of points in X, such that xn [Txn-1](xn-1) for all n N. Now by using

lemma (1.11) and equation (1) we get,

dlb(xn, xn, xn+1) Hdlb
  [Txn-1](xn-1), [Txn-1](xn-1), [Txn](xn)

––––––––––––––––––––––––––––––– + a2 dlb(xn, xn, xn+1)

          + a3 dlb(xn-1, xn-1, xn) dlb(xn, xn, xn+1)

                          a1 dlb(xn-1, xn-1, xn) + a2 dlb(xn, xn, xn+1) + a3 dlb(xn-1, xn-1, xn)

         –––––   dlb(xn-1, xn-1, xn)                                                        (2)

Let  =  –––––  1

dlb(xn, xn, xn+1)  dlb(xn-1, xn-1, xn)

2 dlb(xn-2, xn-2, xn-1)

n dlb(x0, x0, x1)                                                                 (3)

For all n N and for any n  m, where n, m N. We have by using the condi-
tion (iii) condition of dislocated 3-points b-metric spaces.

[1+ dlb(x, x, [Tx](x))]

      1+ dlb(x, y, z)

a1dlb(xn-1, xn-1, xn)[1 + dlb(xn-1, xn-1, xn)]

               1 + dlb(xn-1, xn-1, xn)

a1 + a3

 1 - a2









a1 + a3

  1 - a2









:
:
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
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









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
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dlb(xm, xm, xn) b dlb(xn, xn, xn+1) + b2 dlb(xm+1, xm+1, xm+2) + ....

               + bn-m dlb(xn-1, xn-1, xn)

 < b m dlb(x0, x0, x1) + b2 m+1 dlb(x0, x0, x1) + ....

   + bn-m n-1 dlb(x0, x0, x1)

                           b m
 [1 + b + b2 2 + ... + bn-m-1 n-m-1] dlb(x0, x0, x1)

 b m
 [1 + b + b2 2 + ... + bn-m-1 n-m-1] dlb(x0, x0, x1)

              ––––  dlb(x0, x0, x1)                                                            (4)

Taking the limit of dlb(xm, xm, xn) as n, m 

We have,

lim    dlb(xm, xm, xn) =    lim    ––––– dlb(x0, x0, x1) = 0

This proves that {xn} is Cauchy sequence in X.

Since X is complete, x*X such that xn  x* as n . Now by lemma
(1.11) and equation (1) we have

dlb  x*, x*, [Tx*](x*)    b   dlb(x*, x*, xn+1) + dlb  x*, x*, [Tx*](x*)

+ dlb  x*, x*, [Tx*](x*)

 b  dlb(x*, x*, xn+1) + dlb  x*, xn+1, [Tx*](x*)

+ Hdlb   [Txn](xn), [Tx*](x*), [Tx*](x*)

 b  dlb(x*, x*, xn+1) + dlb  x*, xn+1, [Tx*](x*)

+ a1 dlb  x*, x*, [Tx*](x*)    ––––––––––––––––––

+ a2 dlb  x*, [Tx*](x*), [Tx*](x*)  + a3 dlb(xn, x*, x*)   (5)

 b m

1 - b

n,m n,m

 b m

1 - b

















1 + dlb(xn, xn, [Txn](xn))

     1 + dlb(xn, x*, x*)




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
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

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


























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On taking n  in (5), we get

dlb(x*, x*, [Tx*](x*))  b   a1 dlb(x*, x*, [Tx*](x*)) + a2 dlb(x*, x*, [Tx*](x*))

  (1 - (a1 + a2)) dlb  x*, x*, [Tx*](x*)    0                 (6)

From (6), we get

x* [Tx*](x*)

Hence, x*X is the fixed point.

Theorem 2: Let (X, dlb) be a complete dislocated 3-point b-metric space with
constant b  1. Let T : X  F(X) be a fuzzy mapping. Suppose there exists S(x),
T(x)(0, 1] satisfying the following conditions:

Hdlb
  [Tx]T(x), [Ty]T(y), [Sz]S(z)

––––––––––––––––––––––––––––––––––

 a2 dlb  z, [Ty]T(y), [Sz]S(z)   + a3 dlb(x, y, z)        (1)

For all x, y, z X ; x y  z and a1, a2, a3  0 and a1 + a2 + a3  1, then there
exists x*X such that x* is common fixed point of S and T.

Proof: Let x0 X  be an arbitrary point in X. Let x1 [Tx0]T(x0) be an element such

that dlb(x0, x0, [Tx0]T(x0)) = dlb(x0, x0, x1). Again let x2 [Sx1]S(x1) be an element

such that dlb(x1, x1, [Sx1]S(x1)) = dlb(x1, x1, x2). Continuing in this process, we

construct a sequence xn of points in X, such that x2n+1 [Tx2n]T(x2n) and x2n+2

[Sx2n+1]S(x2n+1) for all n N. Now by using lemma (1.12) and equation (1)

we get,

dlb(x2n+1, xn+1, x2n+2) Hdlb
   [Tx2n]T(x2n), [Tx2n]T(x2n), [Sx2n+1]S(x2n+1)

–––––––––––––––––––––––––––––––––––––––––––––

             + a2 dlb(x2n+1, x2n+1, x2n+2) + a3dlb(x2n, x2n, x2n+1)









a1dlb  x, x, [Tx]T(x)     1 + dlb   y, y, [Ty]T(y)

                        1 + dlb(x, y, z)

a1dlb  x2n, x2n, [Tx2n]T(x2n)    1 + dlb   x2n, x2n, [Tx2n]T(x2n)

                            1 + dlb(x2n, x2n, x2n+1)
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

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






































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




dlb(x2n+1, x2n+1, x2n+2) [1 - a2]  (a1 + a3) dlb(x2n, x2n, x2n+1)

dlb(x2n+1, x2n+1, x2n+2)  ––––––– dlb(x2n, x2n, x2n+1)                                  (2)

Similarly, by using condition (2) of definition of dislocated 3-points b-metric
spaces, we have

dlb(x2n+2, x2n+1, x2n+1) Hdlb
   [Sx2n+1]S(x2n+1), [Tx2n]T(x2n), [Tx2n]T(x2n)

––––––––––––––––––––––––––––––––––––––––––––––––––

   + a2 dlb(x2n, x2n+1, x2n+1) + a3 dlb(x2n+1, x2n, x2n)

 a1 dlb(x2n+1, x2n+1, x2n+2) + a2 dlb(x2n, x2n+1, x2n+1) + a3 dlb(x2n+1, x2n, x2n)

dlb(x2n+2, x2n+1, x2n+1) [1 - a1]  (a2 + a3) dlb(x2n, x2n, x2n+1)

dlb(x2n+2, x2n+1, x2n+1)  ––––––– dlb(x2n, x2n, x2n+1)                                        (3)

From (2) and (3),

dlb(x2n+2, x2n+1, x2n+1)  ––––––––––– dlb(x2n, x2n, x2n+1)                               (4)

Let= –––––––––––  1

then by (4), we get

dlb(x2n+2, x2n+1, x2n+1) dlb(x2n, x2n, x2n+1)                                                      (5)

For all n N. Repeated application of (5), we have

dlb(x2n+2, x2n+1, x2n+1) dlb(x2n, x2n, x2n+1)

2 dlb(x2n-1, x2n-1, x2n)

(a1 + a3)

 (1 - a2)

a1dlb  x2n, x2n, [Tx2n]T(x2n)    1 + dlb  x2n+1, x2n+1, [Sx2n+1]S(x2n+1)

                                1 + dlb(x2n+1, x2n, x2n)

(a2 + a3)

 (1 - a1)

(a1 + a2 + 2a3)

(2 - (a1 + a2))
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(2 - (a1 + a2))




















 





3 dlb(x2n-2, x2n-2, x2n-1)

n+1 dlb(x0, x0, x1)                                                        (6)

For all n N. Again, for any n  m, where n, m N, we have by using the
condition (iii) of definition of (dislocated 3-points b-metric spaces).

dlb(xm, xm, xn) b(dlb(xn, xn, xn+1) + b2 dlb(xm+1, xm+1, xm+2) + ...

               + bn-m dlb(xn-1, xn-1, xn))

 b m dlb(x0, x0, x1) + b2 m+1 dlb(x0, x0, x1) + ...

   + bn-m n-1 dlb(x0, x0, x1)

                           b m
 [1 + b + b2 2 + ... + bn-m-1 n-m-1] dlb(x0, x0, x1)

             –––– dlb(x0, x0, x1)                                                             (7)

Taking limit of dlb(xm, xm, xn) as m, n we have,

lim    dlb(xm, xm, xn) =    lim    ––––– dlb(x0, x0, x1) = 0

This proves that {xn} is Cauchy sequence in X.

Since X is complete, there existsx*X such that xn  x* as n . Now by
lemma (1.11) and equation (1) we now prove that x*X  have a common fixed point
of S and T.

dlb  x*, x*, [Sx*]S(x*)    b   dlb(x*, x*, x2n+1) + dlb   x*, x2n+1, [Sx*]S(x*)

      + dlb   x2n+1, x*, [Sx*]S(x*)

 b  dlb(x*, x*, x2n+1) + dlb   x*, x2n+1, [Sx*]S(x*)

       + H dlb   [Sx2n+2]S(x2n+2), [Sx*]S(x*), [Sx*]S(x*)
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:
:
:

 b m

1 - b

n,m n,m

 b m

1 - b





 








































 b  dlb(x*, x*, x2n+1) + dlb(x*, x2n+1, [Sx*]S(x*))

    + a1 dlb   x*, x*, [Sx*]S(x*)

    –––––––––––––––––––––––––––––

    + a2 dlb   x*, [Sx*]S(x*), [Sx*]S(x*)

    + a3 dlb(x2n+2, x*, x*)                                              (8)

On taking n  in (8), we get

dlb  x*, x*, [Sx*]S(x*)    b   a1 dlb  x*, x*, [Sx*]S(x*)

     + a2 dlb  x*, x*, [Sx*]S(x*)

dlb  x*, x*, [Sx*]S(x*)    b(a1 + a2) dlb  x*, x*, [Sx*]S(x*)

     [1 - (a1 + a2)] dlb  x*, x*, [Sx*]S(x*)   0               (9)

From (9), we get

x*[Sx*]S(x*)

Hence, x*X is the fixed point of S.

Similarly, we can prove that x*X is the fixed point of T.

Hence, x*X, have a common fixed point of S and T.
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