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Abstract :

O’Brien (1954), Jackson (1954) and Hunt (1955) studied the problems of
serial queues in the steady state with Poisson assumptions. In these studies, it is
assumed that the unit must go through each service channel without leaving the
system. Barrer (1955) obtained the steady-state solution of a single channel
queuing model having Poisson input, exponential holding time, random selec-
tion where impatient customers leave the service facility after a wait of certain
time. Finch (1959) studied simple queues with customers at random for service
at a number of service stations in series where the arrival from outside was
considered at the initial stage. Feedback is permitted either from the terminal
server or from each server of the series to the queue waiting for service at that
stage by imposing an upper limit on the number of customers in the system at
any time. Singh (1984) studied the problem of serial queues introducing the
concept of reneging. Singh and Umed (1994) worked on the network of queuing
processes with impatient customers. Punam, Singh and Ashok (2011) found
the steady-state solution of serial queuing processes where feedback is not
permitted.

[38]
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In our present work, the steady-state solutions are obtained for serial channel
having feedback and balking connected with non-serial queuing channel having
reneging and balking in which

(i) M serial channel with feedback and balking are connected with N non-
serial channel with reneging and balking.

(i1) A customer may join any channel from outside and leave the system at any
stage after getting service.

(iii) Feedback is permitted from each channel to its previous channel in serial
channels.

(iv) The customer may balk at each serial and non-serial channel and reneging
has been incorporated in non-serial channels only.

(v)  The Input process depends upon queue size and Poisson arrivals and expo-
nential service times are followed.
(vi) The queue disciple is random selection for service

(vii) Waiting space is finite.

Keywords : Steady-State, difference-differential, waiting space, serial, non-
serial, random selection, Poisson arrivals, exponential service, feedback, balking,
reneging, marginal probabilities and mean queue length.

1. Formulation of the Model :

The system consists of the serial queues Q,(j=1, 2, 3....., M) and non-serial
channels Q,; (i=1, 2, 3,..., N) with respective servers S,(j=1,2,3,....,M) and ),
(i=1,2,3,...,N). Customers demanding different types of service arrive from out-
side the system in Poisson stream with parameters A,(j =1, 2,.., M) and A,,(i=1, 2,
3,..N)atQ,(j=1,2,3,...,M)and Q,,(i=1, 2, 3,...,N) but the sight of long queue
at 0,(j=1,2,3,....,M)and Q,(i=1, 2, 3,..., N) may discourage the fresh customer
from joining it and may decide not to enter the service channel at 0,(j =1, 2, 3,...,
M)and Q,,(i=1,2,3,...,N). Then the Poisson input rates at 0,(j=1, 2, 3,..., M) and

s }\4] )\.1,’ ‘ v .
0,,(i=1,2,3,...,N) would benj | andmj+1 where 7, is the queue size of Q,(/ =1,
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2,3,..., M) and m; is the queue size of Q,,(i=1, 2, 3,..., N). Further, the impatient
customer joining any service channel (J;; may leave the queue without getting
service after wait of certain time. Service time distributions for servers S,(j=1, 2,
3,...,M)and S,,(i=1, 2, 3,..., N) are mutually independent, negative exponential
distribution with parameters p,(j =1, 2, 3,..., M) and n,,(i=1, 2, 3,..., N) respec-
tively. After the completion of service at §;, the customer either leave the system
with probability p; or join the next channel with probability ¢; or join back the

q; B . o
nj+l+1 nj-l+1 1(] 1,2, S

M -1)or join any queue Q,,(i=1, 2, 3,..., N) with probabilityn;]—zfl (i=1,2,3,...,N)
N i

such that p,, + 7, + X quf 1= 1. It is being mentioned here that r=0 forj=1as
-1 M

there is no previous channel of the first channel.

previous channel with probability 7; such that p; +

The applications of such models are of common occurrence. For example,
consider the administration of a particular district in a particular state at the level
of district head quarter consisting of Block Development officer, Tehsildar, Sub-
Divisional Magistrate, District Magistrate, etc. These officers correspond to the
servers of serial channels. Education Department, Health Department, Irrigation
Department, etc. connected with the last server of serial queue corresponds to
non-serial channels. The people meet the officers of the district in connection with
their problems. It is also a common practice that officers call the customers (people)
for hearing randomly. The senior officer may send any customer to his junior if
some information regarding the customer’s problem is lacking. Further District
Magistrate may send the customers to different departments such as Education,
Health, Irrigation, etc. if there problems are related to such departments. The
customer after seeing long queues before any service channel may decide not to
enter the queue. It generally happens that person become impatient after joining
the queue and may leave the channel without getting service.

2. Formulation of Equations :

Define : P(n,ny,n,,...,n,, ,n,, m;,m,ms,....m, . m,;t)= the probability

that at time ‘7” there are n; customers (which may balk, leave the system after service



Applied Science Periodical [Vol. XXIII (3), August 21] 41

or join the next phase or join back the previous channel) waiting before S, (j=1,2,
3,....,M -1, M) ; m;,customers (which may balk or renege) waiting before the sever

S,(=1,2,3,..,N).

We define the operators 7;.,7.,,T;,,,-, T} -; to act upon the vectors 77 = (n,,

N, Ns,..., N, ) OF M= (m,m,,ms,...,m,) as follows :

1,.(A)=(n,n Y .

)

seeey

1° 2’ 3’

1.,(i)=(n,n T

1?2 2’ 3’ > M)

191+1 (l’l) (np 25 37 >N 1, nz+1 1,...,}7M)
11 91(”) (l’ll, 2> 37 * I._l-l,ni+1,...,nM)

Here we assume that at any instant there are K customers in the system i.e.
Z n; + Z m;=K
i=1 J=1
Then the customers arriving at that instant will not be allowed to join the
system and is considered lost for the system.

Following the procedure given by Kelly (1979), we write the difference-
differential equations as

d M
— PO )=+ :Z 7+ Z o(n;) 1,

+c]mj)
‘I

P+ #P(T,--(ﬁ), i)+ 3 o, P(T (), 30
=1 1 i=1

g § ”’f’ (T, 41-(7), t)+Z “’ ’ — DTy (), 51)
P> uMquP(nl,nz,...,nMH, T.(); 1)
J

. N
+ J;l % PLIG):0)+ 2 (i Guger) POLT G):0) - (2.1)
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lifx#0

Whorep, = 0P= 123, .. 5.1 J—O(]_1»2:3’----aN);8(x):{0-f 0
1IXx =

N

and Zn +Zm <K.
=1 !

M N
C%P(ﬁ,ﬁ;f) =" :le o(m)u; +_§ S(mj)(ulfrcjmj)} P(n, m; 1)

l"ll ql ”‘1 7

+Z P(T (77),m; f)+z — DL poi (), RPN P( 105+ (71),11)

5 Z MMQMJ

P(ny, 1,y + 1, T () r)+z 1’P(n T, () 1) (2.2)
J

Where n,20(i=1,2,3,...,M),m;20(j=1,2,3,...,N);

and Zn +Zm K.

=1 =1

3. Steady-State Equations :

We write the following Steady-State equations of the queuing model by
equating the time derivative to zero in equations (2.1) and (2.2).

M )\' M ~
e +28<n,>uz+z +26( M)ty + ) | PR, i)

M),
:ZWP(T (A1), M)+ZMP,P(T (71), m)

“’lql ul i

2 — P (), 1) + 2= P(T,y0-i(), )
N W9 v
+J; mj P(nl’n2, nM+1, - (m))
N x]
+ ZnT P(a, ,(m))+Z(M1,+CJmJ+I)P(”,T (m)) (3.1
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Where n;20(i=1,2,3,....,M),m ]_0(]_ 1,2,3,....N); 8(x) = Vit y=20
0ifx=0
and Zn +Zm <K.
=1 = 1
M N o
izzl Sy +-§15(mj)(ulj+cﬂ"j) P(7, m)
l lvlzqz Mz 1
_z P(T (71), )+Z — P(Lji1(), )+ 3 p( (7))
4 - N o
+3 MMqMJP(nl,nz,...,nM+ 1, T.(m)) + Y -2 (A, T, (i) (3.2)
F J am J

Wiheren,= 03 =1, 2, 3,...oM), M, 20 (] = 1,2,8,....,N);

and Zn +Zm K.

4. Steady-State Solutions :

The steady-state solutions of equations (3.1) and (3.2) can be verified as

7 n r
1 % ;lzjlpz 1 1 }L2+M1‘ilf131 +M3 iﬁ? By
P(A,m) = P(0,0)| - : , CRES
B H hy! Ho
r njy 2 . . 7 Ny
Ayt Hag2 P2 +H4 4P4 kM_1+MM2QszM2 HavPary
1 n+1 ny+l1 | Nyt ny+1
| 5! T My ! Mas1
A +1111\1-1(]1\4-191\4-1 hym - -
1 M matl Aty @aps) ™ || izt B GanPad) ™
i e

1y
Hat mﬂj[{ (Lt Cyy) ) my! Ul (n12+Cy)
- =
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( Ayt Har GavPa)™
¥ n’l]V

(4.1)
my! ]_1:_{ (intCy)

M N

With relation X n; + X 1, S A S (TS 1,2, 3, M), B 20 (1,2, 8,0 Y
/1 = -1

Where

¥
A+ HaP2P2 - H191Pq +H:s”3p3 k3+quzpz +H4’”4P4
N ny+1 . n+1  ny+l _ n+1  ny+l1
P1 T e M P s
it Mar2Gne2Par2 4 Mo vPor gk Mar1 Grre1Par
B Ny, t1 nyt1 B Nyt 1
& pM-l - HM_I 9 pM_ HM (42)

Solving these (4.2) M-equations for p,  with the help of determinants, we get

VIYALSYRTANYES dr 37%)
+ + S
KMAM-I nM.1+1 nM.1+1 nM.2+1 ;\’M-Z AM-3
qr 3V 4z Bfh qr )7%)
Ny tlny,+tl nyt+l Ny t1ny,+1
ER)) e qr2 q; % q A
ny+1ny+1 "2y +lny,+1 ny+1ny+l ng+1 7!
Py = (4.3)
A qr v A
Mar| Bara Mg+ 1 1yt 1 M2
_ re Py
where A, =A, - o e LY
_ Do T
AM_I =A

M2 1 et Ayis (4.4)
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Continuing in this way
| . B s
A (AZ n2+1n3+1A1J
Where
_}/'2
1 s | 0 0 - - - - 0 0 0
i L == == 0 0
n;+1 ny+1
0 L o _ _ _ 0 0
ny+1 nyt1
Ay = - - - - R B
0 0 0 O - - -- 20 0 0
0 0 0 0 L %) “Tm
Nyotl ny+1
o 0o 0 0 - - — - et
Myt 1
&)
: n,+1
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5 wHl wy+Hl
-4 1
n;+1
A=1]=1

Since p,, is obtained, we can get p,,, by putting the value of p,,in the last
equation of (4.2), p,,., by putting the values of p,,, and p,,in the last but one equa-
tion of (4.2) continuing in this way, we shall obtain p, 5, py.45----» P35 Pp» a0d p;.

Thus, we write (4.1) as under

P ) =0, 0) 5 o' & @) & 0" (o Fua™)
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m my my

( : P )nMj Ourrt s Ganpad)™ | | aaxt 1ar aepad) ™ | | ot s GaPa)™

! M

= m! Ul (Mt Cy) mzl}:[l (H12+C2j)) ny! Ul (Mt Cy)
= = F

forn;20,(i=1,2,.... M), m; 20, (i=1,2 5. N) 4.5)
We obtain P(0, 6) from the normalizing conditions

> P =1 (4.6)
7=0,m=0
and with the restriction that traffic intensity of each service channel of the system
is less than unity, Cjy;, is the reneging rate at which customer renege after a wait of
time 7y; whenever there are m; customer in the service channel (.

H1: 1o,
mi

(i=1,2,3,..N)

H1iZo;
l-e m

Here it is mentioned that the customers leave the system at constant rate as
long as there is a line, provided that the customers are served in the ordered in
which they arrive.

Putting C;,, = C; (i=1,2,3,...,N). The steady-state solution (4.5) reduces to

PG, i) =P, 6)[,5 (oo”j (,% (p2)"2j (,% (p3>”3j (n;—, (pM_o”M-lj
) =)

[ 1'((x13+uqupM)jmjw( 1' ((7\.1N+HMqMNpM)jmj @.7)

ms! w3+ G my: iyt Cy



Applied Science Periodical [Vol. XXIII (3), August 21] 47

We obtain P(0, 6) from (4.6) and (4.7) as

M . N .
(P(0,0))" = T] " 1™V
=1 1

M+ GugPu
Hy+G

Where P1;= L =2 B N

Thus P(7i, m) is completely determined.
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