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Abstract:

In this paper, obtained some fixed point theorems in complete double
controlled metric spaces. Additionally, These theorems more generalized the
results of Deepak et al. [8] and others.
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1. Introduction:

Banach contraction principle has long been one of the most important tools
in the study nonlinear problems. Banach fixed point theorem has many applications
inside and outside Mathematics. In 1989, Bakhtin [1] introduced the concept of
b-metric space and established many results and many other researchers generalized

[61]
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the Banach fixed point theorem in h-metric space (see [2]-[3]). In 2017, the
generalizations of b-metric spaces Kamran et al. [4] and others was introduced
extended b-metric spaces by controlling the triangle inequality rather than using
control function in the contractive conditions. Mlaiki et al. [7] introduce
controlled metric space. Abdeljawad et al. [5] introduced double controlled metric
type spaces and prove Banach contraction principle (see [6], [10], [11]). Deepak
et al. [8] introduce (A, a)- interpolative Kannan contraction, introduce (A, a, b)-
interpolative Kannan contraction and introduce (A, a, b, ¢)- interpolative Riech
contraction and establish some fixed point theorems in complete controlled
metric spaces. In this paper, we obtained fixed point theorems in the setting of
double controlled metric spaces. These theorems more generalised the results of
Deepak etal. [8] and others.

2. Preliminaries:

Definition 2.1 [1]: Let S # ¢ and o > 1 be a given real number. Let L : S x § —
[0, +0) be a function is called h-metric if

L(p,q) 20,

L(p,q)=0iffp=gq,

L(p,q)=L(q,p),

Lp,g)<all(p,g) tLE 9IVP.q,8 €S.

A pair (S, L) is called a h-metric space. It is clear that h-metric space is an
extension as usual metric space.

= B

Definition 2.2 [4]: Let S# ¢ and given a function ot : S xS —[1,+0). Let L : SxS—
[0, +0) be a function is called extended b-metric if

1. L(p,q)=0,

2. L(p,q)=0iffp=gq,

3. L(p,q)=L(q.p),

4. L(p, ) < olp, QIL(p, & + L& @IV P. 4, 8 ES.

A pair (S, L) is called an extended b-metric space.
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Definition 2.3 [7]: Let S # ¢ and given a function ot : § X S —[1, +0). Let L: §x §
— [0, +o0) be a function is called controlled metric if

1. I{p.q)y=0,

2. Lip.g)=0iltp=g,

3. L(p, q) = 1(q.p),

4. L(p, q) < a(p, QIL(p. &) + g 91V p. q. g €S.

A pair (S, L) is called a controlled metric space.

Definition 2.4 [5]: Let S # ¢ and given a function o, B : § xS —[1, +0). Let L : § %
S — [0, +o0) be a function is called double controlled metric if

1. I{p,q)=0,

2. L(p,q)=0iffp=gq,

3. L(p,9) = L2(q. ),

4. L(p, q) <a(p, QIL(p. 8) + B(&. 9L 91V P. 4.8 €.

A pair (S, L) is called a double controlled metric space.

A controlled metric type is also a double controlled metric type when taking
the same function. The converse is not true in general.

Example 2.1 [5]: Let S={0, 1, 2}. Let double controlled type metric L : § x § —
[0, +o0) defined by L(0, 0)=L(1, 1)=L1(2,2)=0, L(0, 1) =L(1,0)=1, L(0,2) =
L(2,0)=",L(1,2)=L(2,1)=2/5.And 6, ¢ : S x § —> [1, +o0) defined by

0(0,0)=0(1,1)=0(2,2)=06(0,2) = 6(2,0) = 1, 6(0, 1) = 6(1,0) = 11/10,
0(1,2)=0(2, 1) = 8/5.

0(0,0)=o(1,1)=9(2,2)=1,9(0,2) =@(2,0) =3/2, (0, 1) = (1, 0) =
11/10, ¢(1,2) = ¢(2, 1) = 5/4.

Note that, 2(0, 1)>6(0, 2) 1.(0,2)+6(2, 1) L(2, 1). Thus L is not a controlled
metric type for the function 0.
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Definition 2.5 [8]: Let (S, L) is called a controlled metric space. Let H: S x Sbe
self-map. We shall call H a(A, a)-interpolative Kannan contraction, if there exist
A €[0,1),a (0, 1) such that

L(Hp, Hq) < M(L(p, Hp))* (L(q, Hg))"™* 2.1
forall p,q eSwithp#q.

Definition 2.6 [8]: Let (S, L) is called a controlled metric space. Let H : S — Sbe
self-map. We shall call H a(A, a, b)-interpolative Kannan contraction, if there exist
A €[0,1),a,be(0,1),a+b<1such that

L(Hp, Hq) < ML(p, Hp))* (L(q, Hq))" (2.2)
forall p, q eSwithp#q.

Definition 2.7 [8]: Let (S, L) is called a controlled metric space. Let H: § — Sbe
self-map. We shall call H a(A, a, b, c)-interpolative Riech contraction, if there
exist AL €[0,1),a, b,c €(0,1),a+ b+ c<1 such that

L(Hp, Hq) < ML(p, 9))* (L(p, Hp))" (L(q, Hg))" (2.3)
for all p, g eSwith p #q.

Definition 2.8 [S]: Let {p,} be a sequence in a double controlled metric space (5, L).
Then

1. {p,} is said to be convergent to p €S written as
Lim Z(p,,p) =0.

2. {p,} is said to be Cauchy sequence in § written as

Lim L(pn,pm) =0.

n, m—0

3. (S, L) is said to be complete if every Cauchy sequence is a convergent
sequence.
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Definition 2.9 [5]: Let (S, L) be a controlled metric space. Let p €S and € > 0.

1. The openball B(p, €)is B(p,e)={q €S : L(q,p) <e}.

2. The mapping H : § — S'is said to be continuous at p €S if for all £ >0, there
exists & > 0 such that H(B(p, €)) — B(Hp, ¢).

Theorem 2.1 [8]: Let (S, L) be a complete controlled metric space. Let H: S —> §
be a (A, a)-interpolative Kannan contraction. For p,, €S, take p, = I"p,,. Assume
that

Sup Lim o((p;4y, Pisn) WPty D) | UP;, Piig) <1/

m>1 ™0

Then 7 has a unique fixed point.

Theorem 2.2 [8]: Let (5, L) be a complete controlled metric space. Let H: S — S
be a (A, a, b)-interpolative Kannan contraction. For p,, €5, take p, = T'""p,,. Assume
that

Sup hm a’(pi+19pi+2) a(pi+17pm)/a(pjapi+2) < 1/;\"

m=1 —>®
Then 7'has a unique fixed point.
Theorem 2.3 [8]: Let (5, L) be a complete controlled metric space. Let H: S —> S

be a (A, a, b, ¢)-interpolative Reich contraction. For p, €8, take p, = T"p,,. Assume
that

Sup lim o(p; 1, pi1n) UP;s1s Py UPs, Piin) < /M

m=1 1—>%©

Then 7 has a unique fixed point.
3. Main Result:
Our first main result in double controlled metric space as follows.

Theorem 3.1: Let (S, L) be a complete double controlled metric space. Let H: S —
S be a (A, a)-interpolative Kannan contraction. For p, €S, take p, =7"p,. Assume
that
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Sup _lim B(pi+1’pm) Ot(pi+1,p,-+2)/0t(p,-,p,-+1) <1/A (3.1)

m=>1 1—>0

Then 7 has a unique fixed point.

Proof: Let p, €5 be initial point. Define a sequence {p,} as p,., = Hp, for all
n eN. Obviously if there exist n, € N for which Dyt By then Hpno =Dy, a8 the
proofis finished. Thus we assume p, ., #p,

L(p,> Poe) = L(Hp, .\, Hp,) < ML(p,.., Hp,.))* (L(p,, Hp,) "
= ML(Ppys P LD, D))
(L(Pys Py )" < ML(Pypys PR (3.2)
Since o <1, we have
L(Pys P)) SN APy P) SMAP1 8) SN LDy Prt)
L BB, iy o) e ENEE (D5 05 (3.3)
Forall n, m eN and n <m, we have
L(Py> Pr) < ULy Ppt) LPyp> P1) + BByt L) LD 115 D)
S UPys Pe1) (P> Ppet) t BDys1s Pad AU Prys1s Prsa) LDy Prsa)
+ B(Pys2s D) L(Pyys2s Do)}
= 0Py Pyt 1) LDy Prt1) T B(Prrir1> Do) U P15 Pra) LPrys15 Prus)
+ B(Dps1> P) BPrrazs D) L(Prra25 D)
S UPy 1) LPys Prit) T B(Prits P UPyi 1 i) L(Dppi1> Pria)
+B(Bpr1> D) BPrs2> D) U Priias Prs3) LPins Prss)
+B(Ppi1> L) B(Pri2s o) B35 ) (D35 Pry)

m-2 i
<Py L) L0y ) 2 | T1 B2 021 D) L2 i)

i=n+l
m-1

+k=1;[+1 B(pw ) L(D,y1> P



The Mathematics Education [Vol. LVIII (3), Sept. 24] 67

m-2 i

<P, ) X' Lo P)+ 3. [ T1 B2 0P o) ¥ LDy

m-1

+k=l;[+1 B L) At L(py, py)

m-1 i i
<apy P ¥ Lo 1)+ 3 TP, 2] 0Py i) K Lips 1) ()

Let 5,= %[ 115020 op poc) ¥ L P) (3.5)
=0\ j=0
Consider V, = (jl:_{) B(p, pm)] (P, Piry) kiL(pO, Py) (3.6)

We have Vi+1/Vi = B(pi+19pm) a(pi+1api+2)7”/a(pi=pi+1)

In view of condition (3.1) and the ratio test, we ensure that the series 2., V;
converges. Thusnli_r>r01o S, exists. Hence, the real sequence {S,,} is Cauchy. Now using

(3.4), we have

LDy D) < L(Pys 1) [ 0Py Priy) + Siret = S, (3.7)
Above, we used a(p, q) > 1. Letting n, m — « in (3.7), we obtain
Lim L(p,,p,)=0 (3.8)
m,n—»0

Thus, the sequence {p,} is a Cauchy in the complete double metric space
(S, L), so there is some p* €S so the

Lim L(p,, p*) =0 (3.9)

n—0

Thatis p, — p* as n—. Now we prove that p* is a fixed point of H. By (2.1)
and condition (4) in def. [2.5], we get

L(p*, Hp") S o(p*, p,o)) L(D*, Ppprt) + B(Dpiy> HPY) L(P 11, HP")
=a(p’, ) L(P, p,y) T B(D,41, HPY) L(Hp,,, Hp")
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< AP L) L ) + By HP") IMLAP,» Hp, ) (L(p", Hp™)'™]
<P, D) AP, Pyid) + Bt HP') LD, D)) (D", HP') ']
Taking n — oo and using (3.6), (3.7), we obtain that
L(p", Hp")=0 (3.10)

This yields that p* = Hp*. Now, we prove the uniqueness of p*. Let ¢* be
another fixed point of Hin §, then Hg"=¢". Now, by (2.1), we have

L(p*, ") = L(Hp", Hq")
<ML, p)* (L(g", ¢*)' =0 (3.11)
This yields that p* = ¢*. It completes the proof.

Theorem 3.2: Let (5, L) be a complete double controlled metric space. Let H :
S — Sbea (A, a, b)-interpolative Kannan contraction with (3.1) and for p,, €5, take
p,=T1"p,. Then T has a unique fixed point.

Proof: Following the step of proof of Theorem 3.1, we construct a sequence {p,}
asp,,, = Hp, forall n e N, where p, €S is arbitrary starting point. Then by (2.2), we
have

L(Pyy Pysy) = L(Hp, . Hp,) ML(P,.1. Hp,.))* UAp,» Hp,))’
= ML(Py12 P LDy Pys))’
Ly P ) S MLUP,1. P (3.12)
Since a. < 1-b, we have

L ppi) T SNL(P, o 2 SAL(P, )"

Hence

L(pnapn+l) £ )\‘l/l-b L(pn-l’pn) = }\‘ L(pn-l’pn)
and then
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L(Pp Do) SML(Pyys ) SN LDy 20 Pt
<KL, 3 P,0) < ... <X'L(Py, ) (3.13)

As already elaborated in the proof of Theorem 3.1, the classical procedure
leads to the existence of a fixed point p* €S. Now, we prove the uniqueness of p*.
Let ¢* be another fixed point of H'in S, then Hg" = ¢*. Now, by (2.2), we have

L(p*, ¢")= L(Hp", Hq")
<ML, p)) (g, 49))° =0 (3.14)
This yields that p*= ¢g*. It completes the proof.

Theorem 3.3: Let (S, L) be a complete double controlled metric space. Let H: S —
Sbe a (A, a, b, ¢)-interpolative Reich contraction with (3.1) and for p, €S, take
p,,=T"p,. Then 7" has a unique fixed point.

Proof: Following the step of proof of Theorem 3.1, we construct a sequence {p,}
asp,,, = Hp, forall n e N, where p, €S is arbitrary starting point. Then by (2.3), we
have

L(pn’pn+]) = L(Hpn-]> Hpn) S }\‘(L(pn-l’ pn))a (L(pn-I’ Hpn-l))b (L(pn’ Hpn))c
= ML(Pgs P LDy D))
Since a + b <1 - c, the last inequality gives

LD P ) EAMLP, 1> P EMLPD, 1P (3.15)

Hence

L(p,ppu) N L(p, 1, p) SAL(P,1P,)

and then
L(Pyy Pret) SAML(D s ) SN LDy 20 Py
LW, 2P, 205 o S (05 (3.16)
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As already elaborated in the proof of Theorem 3.1, the classical procedure
leads to the existence of a fixed point p* €. Now, we prove the uniqueness of p*.
Let ¢* be another fixed point of H'in S, then Hg" = ¢*. Now, by (2.3), we have

L(p*, q") = L(Hp", Hq")
<ML ) L' P (LG, 7)) =0 (3.17)
This yields that p*= ¢g*. It completes the proof.
Remark: Our results extends the corresponding results of Deepak et al. [8].
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