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Abstract:

In this paper, we present fixed point theorems that generalizes the results
of Dinesh et al. [11] in the context of cone controlled metric spaces, specifically
focusing on integral type contraction in multivalued mappings.
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1. Introduction:

In recent years, numerous researchers have explored the strong convergence
to a fixed point of contraction mappings with a constant factor in cone metric spaces.

[42]
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Notably, Seong Hoon Cho and Mi Sun Kim [1] utilized multivalued mappings to
establish various fixed-point theorems concerning contractive constants in metric
spaces. The concept of cone metric spaces was introduced by Zhang Xian and Huang
Guang [2]. Recently, Dinesh et al. [11] presented fixed point theorems for
multivalued mappings of integral type contractions within the framework of cone
metric spaces.

In this paper, we aim to generalize the results obtained by Dinesh et al.
[11] by presenting fixed point theorems in the context of cone controlled metric
spaces, specifically focusing on integral type contractions in multivalued mappings.

2. Preliminaries:

Let E be a real Banach space and P be a subset of £. We denote the interior
Pbyint P. The subset P is called a cone if and only if

(1) Pisclosed, non-empty, and P+ {0}.

(i1) a,b eR,a,b>0,p,q € Pimplies ap + bg € P.

(i) P N (-P) = {0}.

We define a partial ordering < with respect to P by p < ¢ if and only if

q - p € P. We shall write p < g to indicate that p < g but p # g, write p < g will stand
for g - p € int P. Write ||.|| as anorm on E. The cone P is called normal if there is a
number k> 0 such that p, g € E, 0 <p < g implies || p|| < k||¢q||. The least positive
number satisfying the above is called the normal constant P. It is well known that

k> 1.In the following, we always suppose that £ is a Banach space, Pisa conein £
with int P # 0 and < is a partial ordering with respect to P.

Definition 2.1 [2]: Let S # ¢. Suppose that the mappings d : § X S — E said to be
cone metric if and only if for all p, g, & €S, the following are satisfies:

(1) 0<d(p, q)forallp,q €Swithp#qandd(p,q)=0ifand only if p =gq.

(i1) d(p, q) = d(g, p) for all p, g €.
(iii) d(p, q) < d(p, h) + d(h, q) for all p, g, h €.

Then pair (S, d) is called a cone metric space.
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Example 2.2: Let E=R* P={(p,q) €E/p,q>0' cR*>,S=Randd:SxS—>E
such that

dp,9)=1p-q|.®lp-ql}

where @ > 0 is a constant. Then (S, d) is a cone metric space.

Definition 2.3 [3]: Let S # ¢ and S > 1 be a given real number. Suppose that the
mappings d : S X § — E said to be cone b-metric if and only if for all p, g, & € S, the
following are satisfies:

(a) 0<d(p, q) forall p,q € Swithp#qand d(p, g) =0 if and only if p = gq.
(b) d(p,q)=d(q,p) forallp,q €8S.

(c) d(p, q) <sld(p, h) + d(h, ¢)] p, g, h €S.

Then pair (S, d) is called a cone b-metric space.

Example 2.4: Let E=R*, P={(p,q) €E/p,q>0' cR*>,S=Randd:SxS—E
such that

dip,9)={lp-al’.dlp-ql}
where ¢ > 0 and x > 1 are two a constant.

Then (S, d) is a cone metric space, but not a cone metric space. In fact, we
only need to prove (c) in definition 2.4 as follows: Let p, g, » €S. Setu =p - h,
v=h-gq,s0p-q=u+v.Frominequality (a + b)"<(2max{p, g} ) <2*(a*+ b") for
alla, b >0,

wehave p-ql"=ut v <2 (juf*+ |v[) =2"(|p - h[* +|h-q[),
which implies that,
d(p, q) < s[d(p, h) + d(h, q)] with s =2"> 1.

But [p-q[*<|p-h|"+|h-ql|"is impossible for all p > & > g. Taking the
account of the inequality (a+b) > a*+b" all a, b > 0, we arrive at

p-gql'=lutvl'=@+v)' >u"tv'=(p-h)'+(h-q)'=|p-h[*+|h-ql,
for all p> h > q. Thus Definition 2.1 is not satisfied, hence (S, d) is not a cone
metric space.
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Definition 2.5 [3]: Let S # ¢. Suppose that the mappings d : S x § —> E and
o:ZxZ— 1, o) be control functions said to be cone controlled metric if and
only if for all p, g, h € S, the following are satisfies:

(@) 0<d(p, q) forall p,q €Swithp#qandd(p,q)=0ifand only if p =g.
(b) d(p, q) =d(q, p) forall p, q €S.

(¢) dp, @) <[odp, h) d(p, h) + a(h, q) d(h, ¢)]; p, g, h €8.

Then pair (S, d) is called a cone controlled metric space.

Example 2.6: Let S= {1,2,3} asa:SxS—[1,o),o(p,g)=1+p+q. Consider
the real Banach algebra E = R? with solid cone k= {(p, ¢) € R*: p, ¢ >0}. Assume
that we defined : § x § — E by

d(1,2) = d(2, 1) = (100, 100), d(1,3) = d(3, 1) = (1200, 1200),
d(3,2) = d(2,3) = (800, 800), d(1, 1) = d(2,2) = d(3,3) = (0, 0) = 0.

Clearly the first and second condition of a controlled cone metric type space
over a Banach algebra E are satisfied. For the third condition, we have

a(1,3) d(1,3) + a3,2) d(3,2) - d(1,2) = 5(1200, 1200) + 6(800, 800)
- (100, 100) = (10700, 10700)

a(1,2) d(1,2) + (2, 3) d(2,3) - d(1,3) = 4(100, 100) + 6(800, 800)
- (1200, 1200) = (4000, 4000)

a2, 1) d2,1) + a1, 3) d(1, 3) - d(2, 3) = 4(100, 100) + 5(1200, 1200)
- (600, 600) = (5800, 5800)

hence for all p, g, h e Eby d(p, q) < olp, h) d(p, h) + a(h, q) d(h, q).
Thus (S, d) 1s a controlled cone metric space over a Banach algebra E.

Definition 2.7 [3]: Let (S, d) be a cone controlled metric space, p € Sand {p,} be
asequence in S. Then
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(1) {p,} convergestop whenever, for every A € E with 0 <<A, there is a natural
number N show thatd(p, ,p) << A foralln>N.

(i1) {p,} is a Cauchy sequence, whenever, for every A € E with 0 <<, there is
a natural number N such thatd(p , p ) << forall m,n>N.

(iii) {p, } is a complete cone metric space if every Cauchy sequence is conver-
gent.

Definition 2.8: Let (S, d) be a metric space. If every Cauchy sequence is conver-
gent in S, then (S, d) be a complete cone metric space. The family of non-empty
closed bounded subset of X is denoted as CB(S). The Hausdorff distance on CB(S)
is denoted by H(.,.). Implied

A, B e CB(S)

H(A4, B) =max {supelgA d©,, B), SUPg, . d(4,0,)}

The distance between the point 0 and the subset b is given by (0, B) = inf

{d(©,,0,); 0, € B}.

If p € T(S), then an element p € S is considered a fixed point in the multi-
valued mapping T': S — 25.

Definition 2.9: If the sets {p ,, pt}’;:l are pairwise disjoint and [0, 0,] = Utll
[p,_,p)uib,}.

Thenthe set {0,=p p, p; ....p =0,} isreferred to as a partition for [6,, 0, ].

Definition 2.10: Cone lower summation and cone upper summation are defined as
follows for each partition Q of [0,, 0,] and each rising function g: [0, 0,] —> P

n-1
con

L, (g 0)= Eog(pt) 1p,- Pyl

n-1
U, (g, 0)= 2. 8(p,.)) 1, P,y || correspondingly.

Definition 2.11: Assume that P in £'is anormal cone g : [0, 0,] — Pis called with
respect to cone P or simplicity on an integrable function on g : [0,, 0,]. Cone
integrable function iff
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Lim L, (g,0)=5*"=Lim U," (g.0)

where S°°" necessary be unique, for any partition Q of 6,, 6,. By using

0 0
[ 2(p) d»(p), we demonstrate the common value S°°", simplifying it to [ : gd,.
0y P 0, &P

Definition 2.12: If and only if, forany 0,, 6, € P, the function g : P — E'is refered
to be a Sub additive cone integrable function.

0162 01 62
Io ga’PSfO gdp+f0 gdp
Definition 2.13: Let E=S=R, d(p,q)=|p-q/|, P=(0, ) and g(¥) =1/t + 1 for
all £>0. Then forall 6,,0, € P,

01162 dt 01 dt 02 dt
— _=Tn(0,+0,+ B 2 —1n(0,+

Since 0,0,>0,then0,+0,+1<0,+0,+1+0,0,=(0,+1)(0,+1). Therefore

=In(0,+1)

In(,+6,+1)<In(6,+ 1) <In(6,+ 1)

This demonstrates that g is an illustration of a subadditive cone integrable
function.

Lemma 2.1: Let Pbeacone and {p, } beasequenceinE,if A eint Pand0<p — 0
as n — oo, then there exists N such that all n > N, we have p, <<A.

Lemma 2.2: Letp, g, h € E, if p< g and g << h, then p << h.

Lemma 2.3: Let P be a cone and 0 <p << A for each A € int P then p =0.
Lemma 2.4: Let Pbe acone, if p € Pand p<kp for some 0 <k < 1, then p =0.
Lemma 2.5: Let Pbeaconeand a <b +c foreach A eint P.

3. Main Result:

Theorem 3.1: Let (S, £) be a complete cone controlled metric space and a multi-
valued mapping 7: § - CB(S) and o : S X S — [1, o0) that is satisfied for every p,
q €S. For any € > 0, J g g(H)dt >> 0 1n the definition of the function g : Pu{0} —
Po{0}.
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Ié—](Tp,Tq) g(dt <0, J(;i(p,Tp)+d(q,TtI) g(Hdt + 0, Jéi(p,Tqu(q,Tp) g(f)dtforall p, g €S

we have, 20, + 0,a(p,_, p,) + 0,0(p,, p,.;) <1, ii_rgooc(p, D,)s li_r)n a(p,, p) and o
satisfies the following conditions "

Sup,», lim,_,, Upy1, Pi10) UPsys ) T U Pry) <1/ K
where k£ €(0,1). Then T has a unique fixed point in S.

Proof: Forallp eS,n>1,p €lIp andp  €Ip

dp, 1, H(Tp,,Tp, d(p,. Tp Y+d(p,_1.Tp, .
IO(PnH p")g(t)dtﬁfo(pn jn l)g(t)dtﬁelfo(p" P td®,1,TP, 1)

g(ndt
dp,,Tp,.1)+tdp,_1
+ 92 J'O ®p> Tpp-1)+dWy-1,Tpp) g(t)dt

d(pnapn)+d(pn- 1 apn+1)

di dl
Pp-Pp+1)1dPy1.P,) g(t)dt + 92 '[() g(t)dt

0

d d
<, [ OmPm 1) oy g [P gy

<0,]

dp,, dp,_1, _1>Pn)AD,-1, , d(py,
< 91 Io(pn Ppt 1)+, 15Pp) g(f)dt + 92 I(()X(pn 1P ADy-1:0) T ULy, pn+1)g(t)dt

dp,.Pn+1) dp,_1-py,)
(1-8,-0,(p, 2, D g " eyt < 0,+0,(p, . p ) Iy " goyar
dp,.Pn+1) dp,_1-ry)
I3 Y e(0dt <[(0,+ 0,(p, 1 )/ (1-0,-0,(p, p, N[ " W g(t)dt 0,
Let [(8,+0,(p, ,,1,))/(1-0,-0,(p ,p . N]=k<1

JAePr D gy < ke [1O0P gy 6,

<2 Jg,(pn-Zﬂpn-l)g( )dt 6,

<..

<" [P0 o(1)dt 6,
For n>m we have

] 51 PP gi)di < Iy R I e T R S
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< J' Ot(pn P+l )d(pn7pn+] )+a(pn+] 7pm)a(pn+1 apn+2)d(pn+1 apn+2)
-0
+a(pn+1spm)a(pn+29pm)d(pn+lapm) g(t)dt
< J‘ a(pnapn+l)d(pn sPp+1 )+a(pn+] 7pm)a(pn+1 7pn+2)d(pn+1 5pn+2)+a(pn+] 7pm)a(pn+2 7pm)
-0

a(pn+2ypn+3)d(pn+1apn+3)+a(pn+1apm)a(pyﬁ-z7pm)a(pn+3apm)d(pn+3apm) g(t)dt
m-2

<J'a(pnapn+])d(pn7pn+l)+ z ( H a(p]7pm)) a(pzﬂpz+])d(pl7pl+l)

n+l

+ H a(plapm)a(pm lapm)d(pm lspm) (t)dt

<Ja(p,,,pn+1>k”d(p0,p1)+ b (J., | 2ppy)) Appi DK d(pg.py)

+i=nHF1 (X(piapm)a(pm-lapm)k (p()apl) (t)dt

[T aps0,) i ¥ o),

—ﬂ

m-1
e DR d(p,

Let §;= lzllo (l_([) OL(P» Pm)) (x(pl., pi+1)ki d(py, ;)

dl 5
< [k" AP, P, ) T S-Sl (po ™ o(t)dt

Now, using the feel the a(p, ¢) > 1 and by using the ratio test lim S, exists.

n—o0 ~'n
Hence {S,} is a Cauchy sequence, eventually 1, m — oo then | 0 (p"’pm)g(t)dt << A.
Hence {p,} 1s a Cauchy sequence.

Let 0 is an interior of A be given, there exists N; € N such that

K" (P, Py )+ Sp=5,d Ty 0!

d(py.r1)
I g(f)dt << \.

g(t)ydt << A for all m > N, this gives

Forn>m, {p,} 1s a Cauchy sequence in (S, £) is complete cone controlled
metric space, there exists y € S such that p, — y.
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There exists N, €N such that [ Od (p”’y)g(t)dt <<MA/2,foralln>N,.

Hence for n> N, we have [ Od (p”’y)g(t)dt << A/2,

Hd(Tp,,, 1)

d(Tp,,
X ()t + a(Tp,, ) [0 g(t)dt

)y, Ty)

(T,
Io ™ g0t < a(Tp,, 1) |

d s
< a‘(pn+19 Ty) e1 J.O Pt

J'd(pna y) +d()/, Tpn)
0

gnydt+a(p,., 1)

dpy+1-Y)
gydt +a(p,, .0 Iy " gt
J'd(Ty,y)g(t)dt < a(anaTY) ela(pnﬂ J’) +Q(Pn+1aTy) eza(pna y) Jd(p"’y)g(t)dt
0 1_0('(pn+19Ty) el_a(pn+1:Ty) 92a(y:Ty) 0
n Oﬁ(PnﬂaTy) ela(p,ﬁ.l’ J’) +Q(Pn+1aTy) 92+a(pna y)Jd(pn_H,y)
l'a(pn+19Ty) el'a(pn+1:Ty) eZO('(yaTy) 0

dy, )
Jo

0,

g(tydt << A

Forall n >Ny, [V g(0dt << /r, for r> 1 we get /7)1 Vg(oydt P
and r — 0, we get L/r — 0 and P is closed | (;d(y’ Ty)g(t)dt ePbut] Od v Ty)g(t)dt eP.

. dy,
Implies, | 0 v Ty)g(t)dt =0andsoy € Dy.

Corollary 3.2: Let (S, £) be a complete cone controlled metric space and a multi-
valued mapping 7: § - CB(S) and a : § X S — [1, o0) that is satisfied for every p,
g €8. For any ¢ > 0, | g g(H)dt >> 0 1n the definition of the function g : Pu{0} —
Po{0}.

I g(oyde <0, [g D o(nyd for all p, g € S and 6; €[0, 1).

lim . a(p,p,),lim . a(p,, p) and a satisfies the following conditions

Sup,», lim,_,, Up;ip Pi1o) UPsys D) T OUD, Pyy) <1k
where k € (0,1). Then T has a unique fixed pointin S.

Proof: The corollary proof can be obtained by simply setting 6, = 0 in the prece-
ding theorem.
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Theorem 3.3: Let (S, £) be a complete cone controlled metric space and a multi-
valued mapping 7': S — CB(S) and a : S X § — [1, =) that is satisfied for every
p,geS.Foranye>0,] (? g()dt >> 0 in the definition of the function g : Pu{0} —>
Pv{0}.

JTOP g pyap < p [T APOIDALTID o1y g for all p, g € Sand p [0, 1).
lim,  _o(p,p,),lim,_  o(p,,p)and a satisfies the following conditions

Sup,,»; im,_, (P, Piry) UPsys P) T OUPy Py) <1k
where k € (0,1). Then T has a unique fixed pointin S.

Proof: Forallp eS,n>1,p €Tp jandp  €Ip

d . HTn’Tn- dn’n-dn’Tn’dn-’Tn-
IO(Pnﬂp)g(t)dtSJ‘O(P P l)g(t)dtﬁuf;na)({ PP 1)4Py: Try).d@y, 1, Ip mg(t)dt

d d d
< P AP PP DA o 1

d(p,popy. dp1,
<ulg Vgt < 13 g oy
For n > m we have

dl d| d
Io(pn)pm)g(t)dt S J’(;x(pnapn+1) (pn)pn+1)+a(pn+1’pm) (pn+19pm) g(t)dt

< j‘a(pnapn+l)d(pnapn+l)+a(pn+1apm)a'(pn+1apn+2)d(pn+lapn+2)
-0
+(X'(p}'[-f-lapm)o”(pn+29pm)d(pn-ﬁ-1apm) g(t)dt
< j‘a(pnapn-f-l)d(pnapn+1)+a(pn+1apm)a(pn+1apn+2)d(pn+lapn+2)+0~(pn+1apm)a(pn+29pm)
-0

a(pn+29pn+3)d(pn+l apn+3)+a(pn+l apm)a(pn+29pm)a(pn+3 apm)d(pn+3 apm) g(t)dt

m-2

<JO('(pnapn-f-l)d(pnapn+1)+ z ( H a(p]apm)) a(pi)pi+l)d(piapi+1)
-0

i=n+1 \ j=n+1

m-1
+i:1n_-[%—1 OL(pz)pm)(’”(pm-l’pm)d(pm-l)pm)g_(l‘)cll_

1 .
< JoomP K o)+ X (11, 0bypm) 0tpipis DK dipgopy)
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m-1
* AL, i) 2K 0Py

m-1 i P
n 1
< [Honpr D door) T 2 (AL, oeprm) i)k doory 4

i i .
Let Si= 3 [ 110, p,)) o(p, p K d(py. )
i=0 \j=0
n -
Iy e < 0 S 0 g gy

d(pg,
<TE" 0(p, p, )+ - 8,1 19007V g(t)dt

Now, using the feel the au(p, ¢) =1 and by using the ratio test lim,,_, S, exits.

. dp,,
Hence {S,} is a Cauchy sequence, eventually n, m — oo then | 0 @n pm)g(t)dt <<\
Hence {p,} is a Cauchy sequence.

Let 0 is an interior of A be given, there exists N; € N such that

Id(Po,m)
0

(K" a@,p, )+ S,.1-5,] g(t)dt << A for all m> N, this gives

d(po, . . :
] 0 o pl)g(t)dt << A.Forn>m, {p,} is a Cauchy sequence in (S, £) is com-
plete cone controlled metric space, there exists y € S such that p, — y.

There exists N, € N such that | gl (p"’y)g(t)dt << A/2, forall n> N;.

Hence for n> N, we have | Od (p”’y)g(t)dt << A/2,

Hd(Tp,,, 1)

d(Tp,,
X ()t + a(Tp,, ) [ " (t)dt

d(p,,»)d(p,, A0, B
SMOL(Tpn, ) j(r)nax{ @ V) AW0 3 Ppt1) A0 y)}g(t)dt

dpy+1-Y)
ta(p, ) o gt

(T,
1P g(dt < o(Tp,, ) |

A,y ) 50D,y V) AP 1 )+ 0P s 1) Ay 11, 0), A, T
Suoc(Tpn,Ty)fglaX{ P> ) UP 1 VAP o ) 0Py, ) APy 41, 0), AV y)}g(t)dt

d s
top,,5)) JO 1 y)g(t)dt << .
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d
Foralln>N,, Io 01

a(t)dt << h/p for p= 1 we get (/) -10" P g(t)dt e P
and p— 0, we get A/p— O and Pis closed |- g(t)dt € Pbut [** Vg(o)dt < P.

d
Implies, | 0 v Ty)g(t)dt =0andsoy eTj.

Corollary 3.4: Let (S, £) be a complete cone controlled metric space and a multi-
valued mapping 7: § — CB(S) and a : § x § — [1, o) that is satisfied for every
p,q €S.Foranye >0, g g(H)dt >> 0 in the definition of the function g : Pu{0} —
Po{0}.

JTOPTD oy < 0, 1979 g(t)dt for all p, g € Sand 6, €[0,1).

lim . a(p,p,),lim . _ a(p,, p)and a satisfies the following conditions

Sup,» lim,_, Up;ip Pi1o) UPsys D) T OUP, Piyy) <1k
where k£ €(0,1). Then T has a unique fixed point in S.

Proof: The corollary proof can be obtained by taking the maximum value of d(p, q)
from the prior theorem.

Theorem 3.5: Let (S, £) be a complete cone controlled metric space and a multi-
valued mapping 7': S — CB(S) and a : S X § — [1, =) that is satisfied for every
p,geS.Foranye>0,] (? g()dt >> 0 in the definition of the function g : Pu{0} —>
Pv{0}.

Ié{(Tp’Tq)g(t)dt <u J(I)nax{d(p,q)d(l’aTP)ad(q,T‘I)d(P,TCI)ad(‘]aTP)}g(t)dt for all D, q € S

and p €[0, 1). im,_,_ a(p, p,), im,_,_ o(p,, p) and a satisfies the following
conditions.

Sup,,»; im,_, (P, Piry) UPDsys P) [ OUPy Py) <1/ K
where k € (0,1). Then T has a unique fixed pointin S.
Proof: Forallp,eS,n2>1,p €Tp jandp  €Ip

A1y H(Tp,.Tp,,.
fo(pnﬂp)g(f)dfﬁfo(p P l)g(t)dt
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< ufén ax{d(p,y,P1)APys TP)-APyy-1- TP APy, T "'1)’d(p”'1’Tp”)}g(f)df
< u-[(r)nax{d(pn’pn-l)d(pn’pn+l)’d(pn-l’pn)d(pn’pn)’d(pn_l’pn+1)}g(t)df
< MJ-(r)nax{d(pn,l?n-1)d(pnspn+1)’d(pn-l’pnﬂ)}g(t)dt

< “J(I)nax{d(pn’pn-1)’d(pn'1’pn+1)}g(t)dt

Case (i): If J‘Od(pn-t-lapn) g(t)dt < 0 J‘Od(pn-l’pn)g(t)dts Hn J'Od(pOapl)g(t)dt
For n > m we have

] SI PP gi)di < Iy R e e L R S

<| UL+ 1AW s 1) TPy 1P )P 152 24P 1P 42)
-0
(P41 ) UL +2:P ) AP py+1:P ) g(t)dt
<J UP P+ 14D oL 1) TP 1P ) P 15 +2) AP 4152 142 TP 152 ) UL 2P 1)
-0
UPp+2:Pp+3)4W -+ 1P p+3) P 4 1P )P 425 L) P 358 ) AW 43P ) g(t)dt

m-2 i
<] (;X(Pmpnﬂ)d(l?n,pnﬂ) + l,:%l (j:nl:[rl (x(pj,pm)) PP DAPPi+1)

m-1
+l_:1n:[r1 PP y)UL 1P )P -1 ’pm)g(t)dl

( ; 1111 0°(‘”J"prn)) pppir K d(pgpy)

m-2
< ,[a(pn’pnﬂ)kn d(pO’pl) 2 Jj=n

i=n+1
0

m-1
+ 1 AUPpD )PP )™ d(po’pl)g(t)dt

m-1 i .
< Jolompn K Aoy 3, (11, @eppn) @lpppi K dogpy)

o(1)dt

i ] .
Let Si= X 11 a(p,p,)| oalp, p K d(py )
=0 \;j=0

d di kn -
R N I P O
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<K 0(p, Py )+ - 5,0 10007V g(t)dt
Now, using the feel the a(p, ¢) =1 and by using the ratio test lim,,_, S, exits.
Hence {S,} is a Cauchy sequence, eventually n, m — oo then | gl @) g(Hdt <<\
Hence {p,} is a Cauchy sequence.

Let 0 is an interior of A be given, there exists N; € N such that

d
K" a(p, p, 1) + 1= 5,1 1o 07 (i)t << 1. for all m> N, this gives

g(t)ydt << A.Forn=m, {p,} 1s a Cauchy sequence in (S, £) is com-
plete cone controlled metric space, there exists y € S such that p, — y. There exists

d
N, € N such that [ g(t)dt << 1/2, for all n> N,

Id(Po,m)
0

d >
Hence for n> N, we have | 0 @n y)g(t)dt <<M\/2,

AT Hd(Tp,, T d(Tpy,
1PV g(de < a(Tp,, ) 1 Vg(odi+ o Tp,, ) 1o g0

d(p,,»)d(p,, ,dy, B).dp,, T),dy, T
Suoc(Tpn,Ty)fglaX{ @ V) AWy 0p41),40, ), d(py,, T),d(y p”)}g(t)dt

dppi1>Y)
+a(p,,.0) 1o gl

d(p,.y),0p,,)dp,,
<u oc(Tpn, ) I(r)nax{ @), Up; V) A Dy, Y)

+a(pn+1’y)d(pn+]sy)’d(y7 Ty)d(pyp Ty)sd(ys Ty)}g(t)dt

d s
top,.5)) JO Pns1 y)g(t)dt << A,

jg“y’ Do)t << M/ for p> 1 we get (/)- 1 Jod " Pe(eydr < P

-d dl
and p— 0, we get A/p— O and Pis closed |- g(t)dt  Pbut [**Vg(o)dt < P.

Foralln>=N,,

. dy,
Implies, | 0 v Ty)g(t)dt =0andsoy € Dy.

d d
Case (ii): |27 g (it < [7 P Vo(i)dt then we get
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<u J-(jx(pnﬂaPn)d(PnJrl’pn)+a(p”’p”'l)d(pn’pn_l)g(t)dt

dpy+1-Pp) dpy>Py-1)
(-poalp,, .oy " ewdt <palp,p, ) I3 " ety

ap,, dl
1- Ha(pn-g-lﬂpn)

<5 PP o gy

0
no(p,,p,.;)
Where & = "7 1, forn>m
1 - Ha(prﬁ-l’pn)
d(Ty, Hd(Tp,, T} d(Tpy,
1P gdr < a(Tp, 1) (TP Dg(dr + aTp, ) [ gy

d(p,,»)d(p,, A, BYd(p,, T),dy, T
Suoc(Tpn,Ty) j(r)nax{ @ V) AWy P41) 40, )Py, T),d(y p”)}g(t)dt

dpp+1.Y)
+alp,, ) [, " g0t

Py, )Py )Py, AP,y4 1940, TYd(p,, T9).d(y,
Sl.,l(X,(Tpn,]j}) jmax{ ©,: )00, VAP, ¥) T UP}4+1, ) A0 y+1,3) A0, T)d(p,,, 1) Ay, Tp,,) }

! o(t)d
dl 5
+op,. 1)) JO 1 y)g(t)dt << A.
Forall n> Ny, (1" Mg(t)dt <</ for p> 1 we get (L /)- 11 g(o)dt P

and p— 0, we get L/p— 0 and P is closed | (;d(y’ Ty)g(t)dt e Pbut] gl v Ty)g(t)dt eP.

d
Implies, | 0 v Ty)g(t)dt =0andsoy eTj.

For Uniqueness
1 g <1 P
< A0 TG T T T
o J-énax{d()/,Z)d(VsJ’)’d(Z’Z)d(y’Z)d(Z’y V(o)
<[y g(o)dt
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This implies that

19 g0t = 0.

Hence, T has a unique fixed point in S.

Corollary 3.6: Let (S, £) be a complete cone controlled metric space and a multi-
valued mapping 7: S — CB(S) and a : § X § — [1, o) that is satisfied for every
p,q €S.Forany ¢ >0, Ig g(H)dt >> 0 in the definition of the function g : Pu{0} —
Po{0}.

max {d(p,q)d(p, Tp),d(q, Tq)}

0 g(tdtforallp,q € Sand § €[0,1).

JATP oyt <5

lim . a(p,p,),lim . _ a(p,, p)and a satisfies the following conditions

Sup,,»; im,_, (P, Piry) UPDsys P [ OUPy Py) <1k
where k € (0,1). Then T has a unique fixed pointin S.
Proof: The corollary proof is as follows right away, since

d(p,q)d(p, Tp),d(q, d(p,q)d(p, Tp),d(q, Tq),d(p, Tq),d(q, T}
fénax{ (p,9)d(p, Tp),d(q Tq)}g(t)dtsfglaX{ (p,q)d(p, Tp),d(q, Tq),d(p, Tq),d(q p)}g(t)dz.

Remark: Our results extend the corresponding results of Dinesh et al. [11] and
others.

4. Applications:
Mathematical Biology:

In biological systems, such as population models or ecosystems, interac-
tions between different species can be intricate and multifaceted. The study of
species stability and persistence in dynamic ecosystems where growth rates and
interactions are influenced by various factors is supported by fixed point results in
cone controlled metric spaces. Integral-type contractions are particularly useful in
modeling how populations remain stable in the face of varying environmental
conditions over time.
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Optimization Problems:

Many real-world optimization problems involve maximizing or minimizing
a function, and they often admit multiple feasible solutions. Such systems, where a
single input may correspond to several outputs, can be modeled using multivalued
mappings. Cone controlled metric spaces provide a framework for extending vector
space optimization, while integral-type contractions help establish convergence
criteria. This ensures that optimization algorithms produce solutions that are both
mathematically sound and practically applicable.
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