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Abstract:

This short note deals with the well known notion of direct product of rings.
We report an important and useful observation pertaining to the direct product

of rings.
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1. Introduction:

The notion of direct product of rings is of fundamental importance in algebra
[1]. It enables one to construct a new ring. In this note we exhibit that the direct
product of two or more rings can be expressed in terms of matrices. This technique
enables one to form a matrix ring using two or more given rings. This method of
handling direct product through matrices is very useful in group theory also [2].

We report our observation in the next section.
[80]
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2. Observation:

Let R, and R, are any two rings, then the direct product of R, and R, can be
a 0

expressed as follows. R; X R, ={(0 ;
2

J: a,€Ry, a, eRz}. Clearly R; xR, 1s

a ring under the addition and the multiplication of matrices. Similarly one can
express the direct product of more than two rings also.

This observation leads to the following theorem.

Theorem: Let R be the direct product of two rings R, and R,, then R is always
isomorphic to a matrix ring S.

a 0
Proof: Consider a matrix ring S'= { ( ] caeR;,be RZ} . Since R be the

0 b
direct product of two rings R, and R, and therefore we can write R = {(a, b):

a 0
aeR,,beR,}. Letus define amapping f: R — S such that f((a, b)) = [O bj'

It is easy to check that;

(1)  fis asurjective mapping.

atc O
(i) Letx=(a,b),y=<c,d)eR-Thenf@*y):(“”’b”’):( 0 b+dj

=f(x) +1(»).
ac 0 a 03fc 0
(iii) f(xy)= (ac, bd) = (0 bd] B (0 bMO ‘J

=) f(y).

Hence R and § are isomorphic. Therefore the direct product of two rings
R, and R, is always isomorphic to a matrix ring S.
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3. Examples:

It may be emphasized that this technique appears to be more intuitive when
we obtain the direct product of a ring with itself. Example 2 exhibits that the ring of
all 2 x 2 diagonal matrices over the real numbers is nothing but the direct product
of the ring of real numbers with itself.

1. LetR,=Z,=R,thenwehave

s A T YA T

which is a ring under the addition and the multiplication of matrices modulo
two.

2. LetR,=N be the ring of real numbers and R, = R,. Then we have

a 0
Ry X Ry,= 0 b ca,beN

which is a ring under addition and multiplication of matrices. Hence the ring
of all 2 x 2 diagonal matrices over the real numbers is nothing but the direct
product of the ring of real numbers with itself.
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