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Abstract:

The aim of this paper is to introduced and study a new class of almost
normal spaces, called almost H*-normal spaces by using H*-open sets due
to Nidhi Sharma et al. obtained several properties of such a space. Moreover,
we obtain some new characterizations and preservation theorems of almost
H*-normal spaces.
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Introduction:

In this paper, we introduced the concept of almost H*-normal by using H*-
open set due to Nidhi Sharma et al. [1] and obtained several properties of such a
space. In 1970, Singal and Arya [2] introduced the concept of almost normal spaces

[1]
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as a generalization of normal-spaces by using regularly closed sets and obtained
several properties of such a space. In 2016, Hamant Kumar and M.C. Sharma [3]
introduced a new class of spaces, namely almost y-normal and mildly y-normal
spaces are weaker form of y-normal spaces. We show that these normal spaces,
namely almost y-normal and mildly y-normal spaces are regularly open hereditary
are give relationship of almost y-normal and mildly y-normal spaces and some
known weaker form of almost normal and mildly normal spaces and obtain charac-
terizations and preservation theorems of almost y-normal and mildly y-normal
spaces. We introduced the concepts of gH*-closed, rgH*-closed, regularly
H*-closed sets, M-H*-closed, M-H*-open, almost H*-irresolute functions. More-
over, we obtain some new characterizations and preservation theorems of almost
H*-normal spaces. Throughout this paper, (X, 1), (¥, o) spaces always mean
topological spaces X, Y respectively on which no separation axioms are assumed
unless explicitly stated.

1. Preliminaries and Notations:

In what follows, spaces always mean topological spaces on which no sepa-
ration axioms are assumed unless explicitly stated and f: (X, t) = (¥, o) (or simply
f:X— Y)denotes a function f of a space (X, 7) into a space (¥, o). Let 4 be a subset
of a space X. The closure and the interior of 4 are denoted by cl(4) and int(4),
respectively.

We now define some basic notions which will be used throughout. For a good
understanding of them, readers are referred to see [4, 5, 6, 7, 8, 9], respectively.

1.1 Definition: A subset 4 of a topological space X'is said to be

(1) regular closed [4]if 4= cl(int(4)).

(2) semi closed [5]if int(cl(4)) — 4.

(3) w-closed [6] ifcl(4) < U, whenever A — U and U is an semi-open in X.
(4) a-closed set [7] if cl(int(cl(4))) < 4.

(5) a*-set[8]if int(cl(int(4))) = int(A).

(6) C-set[8]ifA=UnV,where Uis an open setand Vis an a*-set in X.
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(7) h-closed [9] if s-cl(4) = U, whenever A — U and U is a w-open in X.

(8) gh-closed if i-cl(4) < U, whenever A < U and U is a h-open in X.

(9) regular-h-open if there is a regular open set U such that U = 4 < h-cl(U).
(10) rgh-closed if #-cl(4) c U, whenever A — U and U is regularly 4-open in X.
(11) hCg-closed if h-cl(4) < U, whenever A — U and Uis a C-setin X.

The complement of a regular-closed (resp. semi-closed, w-closed, a-closed,
h-closed, gh-closed, rgh-closed, and #Cg-closed) set is called regular-open (resp.
semi-open, w-open, a.-open, i-open, gh-open, rgh-open, and 2(Cg-open).

The complement of regular-A-open set is called regular-A-closed set.

The intersection of all #-closed (resp. semi-closed) sets containing A4 is called
the h-closure (resp. semi-closure) of 4 and is denoted by A-cl(4) (resp. s-cl(A)).
The h-interior (resp. semi-interior) of A, denoted by A-int(A) (resp. s-int(A)) is
defined to be the union of all #-open (resp. semi-open) sets contained in 4.

1.2 Definition: A subset 4 of a topological space X is said to be H*-closed if
h-cl(4) < U whenever A c U and U is h(Cg-open in X. The complement of H*-
closed set is said to be H*-open.

The intersection of all H*-closed sets containing A4, is called the H*-closure
of A and is denoted by H*-cl(4). The H*-interior of A, denoted by H*-int(A) is
defined to be the union of all H*-open sets contained in 4.

The family of all H*-open (resp. H*-closed, regular open, regular closed,
semi-open, semi-closed) sets of a space X is denoted by H* O(X) (resp. H* C(X),

RO(X), RC(X), SO(X), SC(X)).

1.3 Definition: A subset 4 of a topological space X'is said to be

(1) g-closed [10]ifcl(4) — U whenever A —c Uand U er.

(2) generalized H*-closed (briefly gH*-closed) if H*-cl(4) — Uwhenever 4 c U
and U is H*-open.

(3) H* generalized-closed (briefly H*g-closed) if H*-cl(4) — Uwhenever 4 c U
and Uis open in X.
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(4) regular-H*-open if there is a regular open set U such that U < 4 < H*-cl(U).
The complement of g-closed (resp. gH*-closed, H*g-closed) set is said to be
g-open (resp. gH*-open, H*g-open).

The complement of regular-H*-open is said to be regular-H*-closed.
1.4 Remark: We have the following implications for the properties of subsets:

closed = H*-closed < H*g-closed < gH*-closed

\
g-closed

However the converse of the above are not true may be seen by the following
example.

1.5 Remark: We have the following implications for the properties of subsets:

closed — a-closed — ga-closed — rgo-closed

2 2 2
H*-closed  gH*-closed rgH*-closed

1.6 Example: Let X= {a, b,c,d} and 1= {9, {a}, {b}, {a, b}, {a, b, ¢}, X}. Then
A = {c} is h-closed set as well as H*-closed set but not closed set in X.

1.7 Example: Let X= {a, b, c,d, e} and 1= {¢, {a}, {d}, {e}, {a,d}, {a, e}, {d, e},
{a,d,e}, X}. Then A= {a,d, e} is rgh-closed set as well as rgH*-closed set but not
gh-closed set and not gH*-closed set in X.

1.8 Example: Let X= {a, b, ¢, d} and 1= {¢, {a}, {b}, {a, b}, {a, b, c}, X}. Then
A= {c} is gH*-closed set but not closed set in X.

1.9 Example: Let X= {a, b, ¢, d} and 1= {9, {a}, {b}, {a, b}, {a, b, c}, X}. Then
(1) closedsetsin Xare ¢, X, {b, c,d}, {a,c,d}, {c,d}, {d}.

(2) g-closed sets in X are ¢, X, {d}, {a, d}, {b, d}, {c, d}, {a, b, d}, {a, c, d},
{b,c,d}.
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(3) H*-closed sets in X are ¢, X, {a}, {b},{c},{d},{a, c},{a, d},{b, c},{b, d},
{c,d}, {a b,d}, {a,cd},{b,c, d}.

(4) gH*-closed sets in X are ¢, X, {a}, {b},{c}, {d},{a, c},{a,d},{b, c},{b,d},
{c,d},{a,b,d},{a,c,d},{b,c,d}.

(5) H*g-closed sets in X are ¢, X, {a}, {b},{c},{d},{a, c},{a,d},{b, c},{b, d},
fe,dyda b, dy, a, e dl, {bje,d}.

1.10 Lemma: Let A4 be a subset of a space X and x €X. The following properties
hold for H*-cl(A4):

(1) xeH*-cl(4)ifand only if 4 N U # ¢ for every U e H*O(X) containing x.
(i1) A is H*-closed if and only if 4 = H*-cl(A).

(iii)) H*-cl(4) c H*-c1(B)ifA c B.

(iv) H*-cl(H*-cl(A4)) = H*-cl(A).

(v) H*-cl(A) is H*-closed.

1.11 Lemma: A subset 4 of a topological space X is gH*-open in X if and only if
F < H*-int(4) whenever F'c 4 and F'is closed in X.

2. Almost H*-normal spaces:

2.1 Definition: A topological space X is said to be almost normal [2] (resp. almost
H*-normal) if for every pair of disjoint closed sets A and B, one of which is closed
and other is regularly closed, there exist disjoint open (resp. H*-open) sets U and
Vof Xsuchthat Ac Uand Bc V.

2.2 Example: Let X= {a, b, ¢, d} and © = {9, {a}, {b}, {a, b}, {c, d}, {a, c, d},
{b,c,d},X}. Then A = {b} is closed and B = {a} is regularly closed sets there exist
disjoint open sets U= {b, ¢, d} and V= {a} of X'suchthat A c Uand Bc V. Hence X
is almost normal as well as almost H*-normal because every open set is H*-open set.

By the definitions and examples stated above, we have the following diagram:

normal = almost-normal = almost H*-normal
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2.3 Lemma: A subset 4 of a topological space Xis rgH*-open if and only if /' H*-
int(4) whenever F'is regularly closed and /' 4.

2.4 Theorem: For a topological space X the following are equivalent:

(a) Xisalmost H*-normal.

(b) For every closed sets A4 and every regularly closed set B there exist disjoint
gH*-open sets Uand V'suchthat4A cUand Bc V.

(c) For every closed sets 4, and every regularly closed set B there exist disjoint
rgH*-open sets Uand V'suchthat A c Uand Bc V.

(d) For every closed set 4 and every regularly open set B containing A, there
exists a gH*-open set U such that 4 < U < H*-cl(U) < B.

(e) Forevery closed set 4 and every regularly open set B containing 4, there exists
a rgH*-open set U such that 4 — U < H*-cl(U) c B.

(f) For every pair of disjoint sets 4 and B one of which closed and other is regu-
larly closed, there exist H*-open sets U/ and V' such that 4 — Uand B — Vand
UNV=4¢.

Proof: (a) = (b), (b) = (¢), (d) = (e), (¢) = (d), (¢) = (), () = (a).

(a) = (b): Let Xbe a almost H*-normal. Let 4 be a closed and B be a regularly
closed sets in X. By assumption, there exist disjoint H*-open sets U
and V'suchthat 4 « Uand B c V. Since every H*-open set is gH*-open
set. U, Vare gH*-open sets such that A c Uand Bc V.

(b) = (c): Let 4 be a closed and B be a regularly closed sets in X. By assumption,
there exist disjoint gH*-open sets U and V'suchthatA c Uand B V.
Since every gH*-open set is rgH*-open set, U and V are rgH*-open
setssuchthat A c Uand B V.

(d) = (e): Let A4 be any closed set and B be any regularly open set containing 4. By
assumption, there exists a gH*-open set U of X such that A — U < H*-
cl(U) c B. Since every gH*-open set is rgH*-open set, there exists a
rgH*-open set U of X' such that 4 ¢ U < H*-cl(U) c B.
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(c) = (d): Let 4 be any closed set and B be a regularly open set containing 4. By
assumption, there exist disjoint ngH*-open sets U and V'such that 4 c U
and X— B c V. By Lemma 2.3, we get

X - B c H*-int(V) and H*-cl(U) N H*-int(}') = ¢. Hence,
AcUcH*-cl(U)cX—-H*-int(V) c B.

(e) = (f): For any closed set 4 and any regularly open set B containing 4. Then
A c X—-Band X— B is aregularly closed. By assumption, there exists a
rgH*-open set G of X'such that, 4 ¢ G < H*-cl(G) c X—B. Put U= H*-
int(G), V=X- H*-cl(G). Then U and V are disjoint H*-open sets of X
suchthat4A cUand Bc V.

(f) = (a): isobvious.

2.5 Definition: A function /: X — Yis called rc-continuous[ 10] if for each regular
closed set Fin Y, f~'(I) is regularly closed in X.

2.6 Definition: A function f: X — Yis called M-H*-open (resp. M-H*-closed) if
f(U) e H*O(Y) (resp. f(U) e H*((Y)) for each U e H*O(X) (resp. U e H*(C(X)).

2.7 Definition: A function /: X— Yis called almost H*-irresolute if for each x e X
and each H*-neighbourhood ¥ of f(X), H* -cl(f'(V)) is a H*-neighbourhood of x.

3. Preservation theorems:

3.1 Theorem: A function f/: X — Yis continuous M-H*-open rc-continuous and
almost H*-irresolute surjection from an almost H*-normal space X, then Y is almost
H*-normal.

Proof: Let A bea closed setand B be a regularly open set containing A. Then by rc-
continuity of £, f~1(4) is a closed set contained in the regularly open set f(B).
Since X is almost H*-normal, there exists a H*-open set ¥ in X such that /~!(4) ¢
V< H*-cl(V) < f(B) by Theorem 2.4, Then, f( f71(4)) < f(V) < f(H*-cl(V))
c f(fY(B)). Since f is M-H*-open and almost H*-irresolute surjection, it
follows that f(V) e H*O(Y), we obtain 4 — f(V) c H* cl( f(V')) < B. Then again by
Theorem 2.4, Y is almost A*- normal.
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3.2 Theorem: If /' : X — Y is rc-continuous M-H*-closed map from an almost
H*-normal space X onto a space Y, then Yis almost H*-normal.

Proof: Easy to verify.

Conclusion:

In this paper, we introduce and study a new class of spaces, namely almost
H*-normal spaces by using H*-open sets. The relationship among normality,
almost H*-normality which is weaker form of normality. Also we obtained some
characterization of almost H*-normal spaces, properties of the forms of M-H*-
closed functions. Of course, the entire content will be a successful tool for the
researchers for finding the way to obtain the results in the context of such types of
normal spaces. This idea can be extended to topological ordered, bitopological
ordered and fuzzy topological spaces etc.
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