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Abstract:

In this article, authors developed six definite integrals involving G-
function, and compute their numerical values. Several closely-related results such
as (for example) Generalized hypergeometric functions are also considered. These
results provid some extensions in the scientific literature. Furthermore, these
integrals play a significant role in the applied Mathematics.
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1.  Introduction:

Bessel function of first kind of order n is defined as

Jn() = ––––––– 0F1  - ; n + 1 ; - ––                                             (1.1)
                                   (n + 1)

Seventeen Ramanujan’s Series are [1, 4, 5]

R4  – = 1 + –   –    + ––  –––    + ––   ––––   + ...

                                      (6n + 1)  – 
n     =  –––––––––                                                                       (1.2)

                                          4n(n!)3

R5  –– = 5 + ––   –    + –––  –––   + –––   ––––   + ...

                                      (42n + 5)  –
      =  ––––––––––                                                                     (1.3)

                                          64n(n!)3

R6  –– = (55 - 1) +  ––––––––     –      ––––

      +  ––––––––    –––     ––––      + .....

                                       (425 n + 55 + 30n - 1)  –
     =  –––––––––––––––––––––––   ––––                            (1.4)

                                                          64n(n!)3

R7  –– = 2 + 17 – – –  ––  + 32 –––  –––  –––  ––   + ...
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                                      (15n + 2)  –     –     –
     =  –––––––––––––––––  ––                                               (1.5)

                                                     (n!)3

R8  –––– = 4 + 37 – – –  –––  + 70 –––  –––  –––  –––   + ...

                                      (33n + 4)  –     –     –
      =  –––––––––––––––––  –––                                            (1.6)

                                                      (n!)3

R9  –––– = 1 + 12 – – –  –––  + 23 –––  ––––  ––––  –––   + ...

                                      (11n + 1)  –     –     –
      =  –––––––––––––––––  –––                                            (1.7)

                                                       (n!)3

R10  ––––– = 8 + 141 – – –  ––  + 274 –––  ––––  ––––  ––   + ...

                                        (133n + 8)  –     –     –
        =  ––––––––––––––––––  ––                                          (1.8)

                                                       (n!)3

R11  – = – - ––  – ––– + –– –––  ––––– - ...

                                        (-1)n (20n + 3)  –     –     –
       =  ––––––––––––––––––––––                                            (1.9)

                                                      (n!)3  22n+1

R12  ––– = – - ––– – –– + –––– ––– ––––– - ...

                                         (-1)n (28n + 3)  –     –     –
        =  ––––––––––––––––––––––                                     (1.10)

                                                      (n!)3  4n+1

R13  – = –– - –––  – –– + ––– –––  ––––– - ...
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                                        (-1)n (260n + 23)   –     –     –
       =  –––––––––––––––––––––––                                    (1.11)

                                                    (n!)3  (18)2n+1

R14  ––– = –– - –––– – –– + ––––– ––– ––––– - ...

                                         (-1)n (644n + 41)   –     –     –
       =   –––––––––––––––––––––––                                   (1.12)

                                                  (n!)3 5n (72)2n+1

R15  – = –––– - –––––  – –– + ––––– –––  ––––– - ...

                                        (-1)n (21460n + 1123)   –     –     –
       =  –––––––––––––––––––––––––––                           (1.13)

                                                      (n!)3  (882)2n+1

R16  ––– = 1 + – – –– + –– ––– ––––– + ...

                                         (8n + 1)   –     –     –
       =   ––––––––––––––––                                                   (1.14)

                                                   (n!)3 9n

R17  –––– = – + –– – –– + –– ––– ––––– + ...

                                         (10n + 1)   –     –     –
       =  ––––––––––––––––––                                               (1.15)

                                                  (n!)3  (9)2n+1

R18  –––– = –– + ––– – –– + ––– ––– ––––– + ...

                                         (40n + 3)   –     –     –
       =  ––––––––––––––––––                                               (1.16)

                                                  (n!)3  492n+1

R19  –––– = –– + ––– – –– + ––– ––– ––––– + ...
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                                         (280n + 19)  –     –     –
       =   –––––––––––––––––––                                            (1.17)

                                                     (n!)3  992n+1

and

R20  –––– = –––– + –––––  – –– + ––––– –––  ––––– + ...

                                        (26390n + 1103)  –     –     –
       =  –––––––––––––––––––––––                                     (1.18)

                                                      (n!)3  994n+2

Qureshi et al. derived the following formule[3]:

4F3  –, –, –, ––; 1, 1, –– ; ––  = ––                                               (1.19)

4F3  –, –, –, –––––––––;1, 1, –––––––– ; ––––––––   = ––––––––  (1.20)

4F3  –, –, –, ––; 1, 1, –– ; ––  = ––                                              (1.21)

4F3  –, –, –, ––; 1, 1, –– ; –––  = ––––                                       (1.22)

4F3  –, –, –, ––; 1, 1, –– ; –––  = ––––                                       (1.23)

and

4F3  –, –, –, –––; 1, 1, ––– ; ––  = –––––– .                                   (1.24)

Generalized hypergeometric function is written as [2]:

                      a1, a2,..., a ;                  (a1)k (a2)k ... (a)k z
k

F                             z   =   ––––––––––––––––                              (1.25)
          b1, b2,..., b ;                  (b1)k (b2)k ... (b)k k!

Meijer G-function is defined in the form of line integral as [1]:
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2. Definite Integrals associated with G-functions:

In this section, we establish set of six definite integrals associated with
G-functions, as follows:

Theorem 1: Each of the following assertion holds true:
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below:
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                            (bk)  
––––––––––––––––––––––––––––

= -  ––  ––––––––––––––––––––––––––––––––––––––––
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3   –– 

k= ––    –––––––––––––– =  ––   4F3   –, –, – , ––; 1, 1, –– ; ––
                         k! (––)k  (1)k  

2

Now using (1.19), we obtain:
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  e-t t
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  3F3   –, –, – ; 1, 1, –– ; ––  dt = ––   * –– = ––  ––  .

This completes our demonstration of the first assertion (2.1).

Next, we prove of second assertion (2.2), as:




0
  e-t t

3/22-4/(335)
  3F3   –, –, – ; 1, 1, ––––––––; ––––––––– t   dt

                            (bk)  
––––––––––––––––––––––––––––––––––––

= - ––––––––  –––––––––––––––––––––––––––––––––––––––––––––––
                                 (ak)

                                             ––––––  k  (–)k  
3
   ––––– k

=  –––––––   –––––––––––––––––––––
                                         k!  (1)k  

2    –––––  k

=  –––––––   4F3   –, –, – , –––––––––; 1, 1, ––––––––; –––––––––

Applying (1.20), we have:




0
  e-t t

3/22-4/(335)
  3F3   –, –, – ; 1, 1, ––––––––; ––––––––– t   dt

47
42














   3

k=1



k=0

   4

k=1

k !

    1, –– + k, 1 + k, 1 + k

– + k, – + k, – + k, –– + k
–– - t  k  G 1
64





 47

42
1
2

1
2

1
2

 5
423, 2

4, 4








1
t

-–

47
42








k=0













1
2

47
42







 5
42

47
42








1
2









1
2

1
2

47
42

  1
64

 5
42

1
2









1
2

1
2

 5
42

  t
64

47
42

47
42







 5

42 16
5

16
5









1
2









1
2

1
2

(45 - 85)
      330

(47 - 215)
      128

375 - 85
    330















   3

k=1



k=0
   4

k=1

k !

    1, –– -–––– + k, 1 + k, 1 + k

– + k, – + k, – + k, –– - –––– + k
––––––– - t  k G

25
22

1
2

1
2

1
2

 3
223,2

4,4








1
t

-–
(47 - 215)
     128







  4
335

  4
335

 –

 – –

375 - 85
    330








k=0













(47-215)
      128

1
2







375-85
    330

(45-85)
     330













 –  –

 –

1
2





1
2

1
2

375 - 85
    330








(375 - 85)
     330





(45 - 85)
     330

(47 - 215)
      128

1
2









1
2

1
2

(45 - 85)
     330

(47 - 215)
      128
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=  –––––––   –––––––– =  ––––––––  –––––––  .

This completes our demonstration of the first assertion (2.2).

Next, we prove of second assertion (2.3), as:




0
  e-t t

2/15
  3F3   –, –, – ; 1,1, –– ; ––  dt

                            (bk)  
––––––––––––––––––––––––––––––

= - ––  ––––––––––––––––––––––––––––––––––––––––––
                                 (ak)

                       ––  k  (–)k (–)k (–)k   –– 
k= ––    ––––––––––––––––––– =  ––   4F3   –, –, – , ––; 1, 1, –– ; –––  .

                  k! (––)k  (1)k  
2

Now using (1.21), we got:




0
  e-t t

––
  3F3  –, –, – ; 1, 1, –– ; ––  dt = ––   –– = –– ––  .

This completes our demonstration of the first assertion (2.3).

Next, we prove of second assertion (2.4), as:




0
  e-t t

4/33
 3F3   –, –, – ; 1,1, –– ; –––  dt

                            (bk)  
––––––––––––––––––––––––––––––

= - ––  ––––––––––––––––––––––––––––––––––––––––––
                                 (ak)

375 - 85
    330

(8+ 405)
     31

375 - 85
    330

(8+ 405)
     31

















1
2





1
3

2
3

 2
15

 2t
27 




17
15














   3

k=1



k=0

   4

k=1

k !

    1, –– + k, 1 + k, 1 + k

– + k, – + k, – + k, –– + k
–– - t  k  G 2
27





 17

15
1
3

1
2

2
3

 2
153, 2

4, 4








1
t

-–

17
15








k=0













1
3

17
15







 2
15

 2
27

1
2

2
3 17

15








1
2









1
3

2
3

37
33

  4
125

 4
33

1
2








1
3

2
3

 2
15

 2t
27

17
15

17
15






 2

15  27
8

 27
8








1
2





1
3

2
3

 4
33

  4t
125 




37
33














   3

k=1



k=0
   4

k=1

k !

    1, –– + k, 1 + k, 1 + k

– + k, – + k, – + k, –– + k
–– - t  k G  4
125





 37

33
1
3

1
2

2
3

 4
333, 2

4, 4








1
t

-–
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                       ––  k (–)k (–)k (–)k  –– 
k= ––    ––––––––––––––––––– =  ––   4F3   –, –, – , ––; 1, 1, –– ; –––  .

                  k! (––)k  (1)k  
2

Now using (1.22), we obtain:




0
  e-t t

––
 3F3  –, –, – ; 1, 1, –– ; –––  dt = ––   –––– = –––– ––  .

This completes our demonstration of the first assertion (2.4).

Next, we prove of second assertion (2.5), as:




0
  e-t t

1/11
 3F3   –, –, – ; 1,1, –– ; –––  dt

                            (bk)  
––––––––––––––––––––––––––––––

= - ––  ––––––––––––––––––––––––––––––––––––––––––
                                 (ak)

                       –– k  (–)k (–)k (–)k  –– 
k= ––    ––––––––––––––––––– = ––  4F3   –, –, – , ––; 1, 1, –– ; –––  .

                  k! (––)k  (1)k  
2

Now using (1.23), we have:




0
  e-t t

––
  3F3   –, –, – ; 1, 1, –– ; –––  dt = ––   –––– = ––––  ––  .

This completes our demonstration of the first assertion (2.5).

Next, we prove of second assertion (2.6), as:




0
  e-t t8 3F3  –, –, – ; 1, 1, ––– ; ––  dt

37
33








k=0













1
3

37
33







 4
33

  4
125

1
2

2
3 37

33








1
2









1
3

2
3

37
33

  4
125

 4
33

1
2








1
3

2
3

 4
33

  4t
125

37
33

37
33






 4

33 153
  8








153
  8

1
2





1
6

5
6

 1
11

  4t
125 




12
11














   3

k=1



k=0
   4

k=1

k !

    1, –– + k, 1 + k, 1 + k

– + k, – + k, – + k, –– + k
–– - t  k  G  4
125





 12

11
1
6

1
2

5
6

 1
113, 2

4, 4








1
t

-–

12
11








k=0













1
6

12
11







 1
11

  4
125

1
2

5
6 12

11








1
2









1
6

5
6

12
11

  4
125

 1
11

1
2








1
6

5
6

 1
11

  4t
125

 1
11 12

11
12
11








515
  6









515
  6

1
2








1
6

1
5

  8
133

 4t
85

 133
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                             (bk)  
––––––––––––––––––––––––––––––

= - –––  ––––––––––––––––––––––––––––––––––––––––––
                                 (ak)

                        –  k (–)k (–)k (–)k  –– 
k = –––    –––––––––––––––––– =  –––   4F3   –, –, – , –––; 1, 1, ––– ; ––  .

                  k! (––)k  (1)k  
2

Now using (1.24), we obtain:

     


0
  e-t t 8 3F3  –, –, – ; 1, 1, ––– ; ––  dt = –––   –––––– = –––––– –––  .

This completes our demonstration of assertion (2.6).

This obviously completes our proof of Theorem 1.
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