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Abstract:

In this paper we have developed certain definite integral involving elliptic
integral of first and second kind.
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1. Introduction :

Yurry A. Brychkov (see [2], p.155-156(4.1.6)) has established the following
formulae:
a

Jo

_(\/a%x_z) sin”!(bx) dx = % [Liy(ab) + Li,(-ab)] (L.1)

where [| arg(1-a?b?) | <m].

a i s a [1-a*0* | 1+ab , ,
[, V(@@-%?) sin 1(bx)dx=‘E{ = +ab[L:2(ab)-L12(-ab)]—1}

(1.2)
where [| arg(1-a?b?) | <m].

| ax V(a?- x2) sin”!(bx) dx = a_2 [2(1 - 2a%b%)D(ab) - (1 - 3a2b%)K(ab)] (1.3)
0 9b
where [| arg (1-a?b?) | < m].
And a
s v mv sin"!(bx) dx = a®b[K(ab) - D(ab)] (1.4)
where [| arg (1-a%bh?) | < ).

A generalized hypergeometric function GFB(aI,...., B3 Diywweans bﬁ ;Z) IS a
function which can be defined in the form of a hypergeometric series, i.e., a series
for which the ratio of successive terms can be written

G PO GraCra).Cra)
R RN (ET D (ST AW (ET N (CII

(1.5)

Where {+ 1 in the denominator is present for historical reasons of notation (see[6],
p.12(2.9)) and the resulting generalized hypergeometric function is written as
under:
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OLFB

(1.6)

alp az,-ug aﬂ. ; Z} = Lo (al)k(az)k - (au)k zk

by By by ;| 0 @B (b R

where the parameters b,, b,,...., bﬁ are positive integers.

The complete elliptic integral of the first kind K is defined as

VY
5 do 1 dt
Km=]"

= 1.7
% \1-12%sin20 l V(1-2)(1-12R) s

In power series

2n)!
22n(n|)2

oo 2 oo
Km=7-3% [ } =23 [P ] (1.8)

where P, is the Legendre polynomial.

In terms of the Gauss hypergeometric function, the complete elliptic integral of the
first kind can be expressed as

K =75, (333 57) (19)

The complete elliptic integral of the second kind E is defined as

VI-12sin?0 d6 = J “j_l (1.10)

(= S

E(m)=]
It can be expressed as a power series

(2?1)' 2 .n2n
227 2] 1-2n

Bmy=2- 3 > { (1.11)

In terms of the Gauss hypergeometric function

B =2 o, (3.3 1) (112)
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The fundamental operations of Boolean algebra are as follows:

(A). AND (conjunction), denoted £ A o, satisfiesE A w=1if§=w=1, and
€ A ® = 0 otherwise.

(B). OR (disjunction), denoted & v o, satisfies § v =0 if§ =m0 =0, and
€ v o =1 otherwise.

(C). NOT (negation), denoted — &, satisfies ~{=0ifE=1and - §=1if E=0.
2. Main Formulae of the Integration :

In this section, we establish a set of twelve new integral formulaes:

a 2.2\ 2024 1 - A e

s dE2 e = nla“c*(2Va“c*+1-3) +2(Na“c*+1-1)] @.1)

2 12¢°
where a > 0.

a 2 2 2.2 _ 2021

I % N2 tand (cx)ad = n[a*c?(-22Wa?c?-1+3) + 21(Va?c2-1-2)] 2.2)

0 12¢3
wherec<0 Aac<-1.

j" Va?- x?tan"l(ex) |, m(-Va?c®+1+ac sink\(ac) + 1)

5 dx = (2.3)

X 2c

where c e R ARe(a) >0 A Im(a)=0.

a

| o ¥ Va?-x2 sink™ (ex)dx

_ (Ba'c*+5a2c2+ 2)K(-a*c?) - 2(2a*c? +1)E(-a2c?) 2.4)

9¢?
where Re(c) 20 A Re(a) >0 A Im(a) =0 A (Im(c) > 0 v Re(c) > 0).

a 1
| o X> Na?-x2 sinr (ex)dx = —— [(@%c? +1)(30a% c* - Ta2c? - 24)K(-a2c?)
C

225
+ (-31a*c* +19a2c2 + 24)E(-a%¢?)] (2:5)
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where Re(c) 20 A Re(a) > 0 A Im(a) =0 A (Im(c) >0 v Re(c) > 0).

I x5 Va?-x smh Wex)dx = T, [(a%c? +1)(840abc® - 24 1a%¢c*+48a%c?
+ 720)K(-a%c?) - 2(389a°c° - 176a*c* + 204ac? + 360)E(-a*c?)] (2.6)

wherea>0Ac>0.

3202727272
where Re(c) 2 0 A Re(a) > 0 AIm(a) =0 A (Im(c) >0 v Re(c) > 0).

a qf o N
.[0 i e (cx)dx=i1ta2 F [1 Lokl aczj (2.7)
X

j xsink (ex) PR (a’c?+1)K(-a*c?) - E(-a?c?)

0 - 2.8)

where Re(c) 20 A Re(a) > 0 AIm(a) =0 A (Im(c) >0 v Re(e) > 0).

J-“ xsink™ (ex) By (-5a%c2+2)E(-a*c?)+(3a*c*+2a%c?-1) K(-a2c?)
T =

where Re(c) 20 A Re(a) > 0 A Im(a) =0 A (Im(c) > 0 v Re(c) > 0).

(2.9)

J;‘ x>sink™ (ex) e 1
e 225¢3

[(-94a’c*+ 31a%c? - 24)E(-a*c?)

+(120a%¢8 +77a*c* - 19a2c2 + 24)K(-a?c?)) (2.10)

where Re(c) 20 A Re(a) > 0 A Im(a) =0 A (Im(c) >0 v Re(c) > 0).

I x'sink™ (ex) o= 1
J2-x2 3675¢7

- E(-a2c®)+2(840a8¢8+529a5¢6 - 123ac* + 68a%c? - 120)K(-a*c?)]  (2.11)

[(-1276a5%® + 389a’c* - 256a%c* + 240)

where Re(c) 20 A Re(a) > 0 AIm(a) =0 A (Im(c) > 0 v Re(c) > 0).
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a 9.:.1-1
[[ XS g L 220 19040320458 - 152080565+
0 T2 99225¢9

9549a%¢* - 6600a3c2 + 4480) K(-a*c?) + (-30064a3c8 + 8776 a®¢* -

5409a%c* +4360a2c? - 4480) E(-a*c?)] (2.12)

where Re(c) 20 A Re(a) >0 AIm(a) =0 A (Im(c) >0 v Re(e) > 0).

a 1lazaz-1
[°x sinf (ex) , 1 [2(a2c? + 1)(a%c*(443520a8¢® - 169304050
0 22 2401245c!!

+108693ac* - 78081a%c? + 57344) - 40320) K(-a*c?) + (a®c*(-653344adc8 +
185512a%° - 11024 1a%c* + 83698a%c? - 743368) + 80640)E(-a%c?)] (2.13)
where Re(¢) 20 A Re(a) >0 AIm(a) =0 A (Im(c) > 0 v Re(c) > 0).
3. Derivation of Main Formulae :

Proof of (2.1) :

d
Jo x Va2-x2 tan” (ex)dx

1
= s [203(a2 - x2p32tan! (cx) + ¢ Va2 - x2 + (3a%c?+ 2)tan’! ( - D
6c ' a2-x2

4 2.2 2 2

(P + 1)Y(cx+1)

A\ 202 D22 iyl a
- Wa%c +1)*2 log [126 (Wa2c?+ 1Va?-x2+1a c+x)]]

(P + 1)Y(ex-1) .

applying the properties of definit integral we have,

_ w[a?c® (2Va?c?+1-3) +2(Va?c? +1-1)]
12¢3

, wherea>0.
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We thus have completed our proof of (2.1).

Proofs of (2.2) - (2.13) : The proofs of (2.2) - (2.13) are on the similer pattern to
the proof of (2.1). Hence, we left the proof for the readers.
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