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Abstract :

In this paper, we deal with projective limit, projective limit has been
defined. It has been defined when oy f) is regular under a defined convergence
and also when convergence closed under a defined convergence. We also define
when of f) is limit-closed under some convergence.

It has been proved that o*( f) is limit-closed under a*(f) a( f) conver-
gence. We defined when f,(x) is a section of Y(x) and show that every function in
o( f) is an o f)-limit of its sections.
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1. Introduction :

A function y(x), in o /) or outside o /), is said to be projective limit

(p-limit) of £, (x) in o /") relative to B(f"), and we write W(x) = ol /)B(/)-limf, (x).
[28]
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when

(i (T!g(x)w(x)l ds < oo, for every g(x) in B(f), and

iy Jim et = Jyegw) dx, for every g) in B)

Different ou( /)B(f)-limits of f,(x) can differ only in sets of x of measure zero.

When B(/) = o*(f), y(x) is called a p-limit of £, (x) in o /), and we write
Y(x) = o f) - lim £, (x) [cf. LM., 287].

It follows from the definition that every ol /)B(f)-limit belongs to B*( /).

When we say that y(x) is the o /)B(f)-limit of £, (x), we mean that y(x)
is an o /)B(f)-limit of £ (x) and every function equal to y(x) for almost all x 2 0

is an o f)P(f)-limit of £, (x).

(a) If, with a definition of convergence and limit, every family £, (x) in o( /),
which has a defined limit and also a A-limit is such that these two limits are
equal for almost all x > 0, then ou( f') is said to be regular under the defined
convergence.

(b) If, with a definition of convergence and limit, every family f,(x) in a(f),
which has a defined limit and also a A-limit, is such that the A-limit is in
a( f), then o /) is said to be convergence-closed under that definition of
convergence.

(c) If with a definition of convergence and limit, every family £, (x) in a(f),
which has a defined limit is such that this limit is in o /'), then ou( /) is said
to be limit-closed under the defined convergence [cf. .M., 290].

2. Some Theorem on projective limit:
Theorem (2.1) : o*( /) is limit-closed under o*( /), ol /)-convergence.

Proof : From the definition of projective limit it follows that all o /')B(f)-limits
are in B*(f). Therefore, under o*(/)ou /) - convergence, the projective limit
belongs to a*( /) and so the result follows.
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Theorem (2.I1) : If o /) is perfect, it is limit-closed under o /')-convergence.

Proof : Under o f)-convergence, (i.e., o /) o*(f)-convergence), the o f)-limit
belong to o.**( f); and if o ) is perfect, **( /) = o f).

Hence the result follows.

Theorem (2.11T) : When o*(f) 2 B(f), and B(f) < o,(f), then every A-cgt family
Ax) in ol /) is a ol f)B(f)-cgt and the A-limit of £,(x) is an o /)B(f)-limit of
£ 1(35)- '

Proof : If £ (x) is A-cgt, then to every € > 0 there corresponds a positive number
N(g), independent of x, such that, for almost all x 2 0, | £,(x) - f,:(x) | < &, for all
A, A 2 N(g).

Therefore, if g(x) is any function in B( /), then
[ 870 - 3| € [ 1600 150 - )]
<eK(g), (since B(f)<0,(/).
for all A, A’ = N(g) for every € > 0.
Hence f;(x) is a( /)B(f)-cgt.
This proves the first part of the theorem.

Next, let A-lim £} (x) = W(x). Then given any € > 0, there exists a positive number
N(¢e), independent of x, such that for almost all x 20,

f0)-y@l<e @.1)
for all A =2 N(e).
Choosing any £ > 0, and any A > N(g).
We have
T g0 wool e = ] g0 we) - ) + £} s
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8

<

S

1EIWE) - £, di +j°|g(x)mx)| d

<eK(g)+4(g), by (2.1)

For every, g(x) in B(x), since B(f) < o,(f) and o*( /) > B( /), where K and 4
are constants depending on g. '

Hence

:I: SOV de < oo 22)

for every g(x) in B( /).
Again by (2.1),

[ fwgwas- Z W) g(x)dx

o0

< g |g(x)| | /(x) - W(x)|dx <€ K(g)

for all A > N(g) for every £ > 0 and for every g(x) in B( f).

Therefore,
lim T 0 gds= [wegeodx 23)
for every g(x) in B(f).
It follows from (2.2) and (2.3) that y(x) is an o /)B( f)-limit of £, (x).

This establishes the second part of the theorem.

We observe from theorem (2.111) that, when B(f) < c,(f), a(f) is regular
under o /)B(/)-convergence.

It for a fixed A >0,



32 The Mathematics Education [Vol. LV (1), March 21]

w(x), for0<x <t

fl(x) {

0, forx>t
Then f, (x) is called a section of y(x).
Thus for A > 0, we get sections f,(x) of any given function y(x).

Now, we proceed to examine sections of all functions belonging to a given
function space. It o /) is a function space, sections of functions in o /) may
belong to o /'), or may not belong to o/ /'), as for example, sections of functions
in6,(f), 6,(/), where 1 <p <eo, T(f), ¢(f) and V() belong respectively to these
spaces where as sections of functions in P( f), the space of essentially bounded
periodic functions defined in [0, =), do not belong to P(f'), also the sections of
constant functions do not belong to the space of constant functions.

Theorem (2.1V) : If o /) is such that sections of all functions in o /) belong to
o /), then every function in o /) is an o /)-limit of its sections.

Proof : Let y(x) € o /), and
y(x), for0<x<A
£ = {

Then, by the hypothesis, f, (x) € o /).

Now

0. forx>A

I W) gx) | dx < oo (2.4)

for every g(x) in a*(f).
Also,

lim [ A0 gtdx= lim [yeogeo) dx

=) gte) d 2.5)

for every g(x) in a*(f).
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Hence, by (2.4) and (2.5)

W(x) = o f)-lim f,(x).

And the result follows.
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