The Mathematics Education ISSN 0047-6269
Volume - LV, No. 1, March 2021

Refereed and Peer-Reviewed Quarterly Journal

Journal website : www.internationaljournalsiwan.com

Incomplete Multivariable Aleph-function and

Integral of Three Parameters Calculus
by Frédéric Ayant,
Teacher in High School, France
E-mail : fredericayant@gmail.com
&
Prvindra Kumar,
Department of Mathematics,
D.]. College, Baraut - 250611, India
E-mail : prvindradjc@gmail.com

Abstract :

In the present paper, we defined the incomplete multivariable aleph-
Junction. We will calculate an integral depending of several parameters concern-
ing this new function. At the end, we shall see several corollaries and remarks.
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1. Introduction and Preliminaries :

Srivastava et al. [17] have studied the incomplete Gamma-function and
incomplete hypergeometric function. More recently, Srivastava et al. [21] have
[12]
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introduced and studied the incomplete H-function and the incomplete - function.
More recently, several researchers, Bansal etal. [3, 5,6], Bansal and Kumar [4], Bansal
and Choi [2] have introduced and studied the incomplete Aleph-function, the incom-
plete /- function and calculate the integrals about the incomplete H- function and gave
applications respectively. The aim of this document is to define the incomplete of
the multivariable Aleph-functions defined by Ayant [ 1]. The multivariable Aleph-func-
tion is an extension of the multivariable /- function defined by Srivastava and Panda
[19, 20] and the Aleph-function studied by Sudland [22]. The incomplete multivari-
able Aleph-function is a generalization of the multivariable Aleph-function cited above
and the incomplete Aleph-function defined by Bansal et al. [5]. We will see an appli-
cation to calculate an integral and we will give several particular cases.

The incomplete Gamma functions (., x) and I'(c, x) are defined in the
following manner :

Y(ou x) =y ul e du (R(o)>0;x > 0). (1.1)
Mo, x) =, u*l e du (x>0, R(a) > 0 when x =0). (1.2)

These incomplete (0., x) and (¢, x) satisfy the following decomposition
formula :

v(a, x) + I'(a, x) = T(a) (Re(o) > 0). (1.3)
In this paper, x is a positive real number.

First, we define and we note the incomplete Gamma Aleph-function as follows :
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wherej=1torandk=1orr.a’s, b’s,c’s and d’s are complex numbers, and the o/’s,
B’s,¥’s and &'s are assumed to be positive real numbers for standardization purpose
such that
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qik) @
Ty X B <0 (1.7)
J=mict

The reals numbers 7, are positives fori = 1 to R, 7., are positives for i = 1 to R¥

The contour L is in the 5,-p lane and run from 6 - jeo to © + ico where G is a
real number with loop, if necessary, ensure that the poles of I“(a}(k) - Bj(k)sk) with
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J = 1to myare separated from those of T'(1- @;+ X" o®)s;) with j =1 to n and
I(1- ¢+ yWs;) with j = 1 to n, to the left of the contour L,. The condition for
absolute convergence of multiple Mellin-Barnes type contour (1.9) can be
obtained by extension of the corresponding conditions for multivariable H-func-
tion given by as :

| gz | < < A( )n where
W T B P w ®, ” Yo o oF o
AP=2 a1 X a1 ZBJ -7 Z Tith + 2§
=1 jentl '=| =

gk
U _ E 5;(:a>0 with b= Ty 1= Lo, Ri¥=1.. 8"  (L8)

The complex numbers z; are not zero. Throughout this document, we assume
the existence and absolute convergence conditions of the multivariable Aleph-
function.

We may establish the asymptotic behavior (see B.L.J. Braaksma [7] in the
following convenient form :

DR E1peers 2 =0 (24,00 |2,%), maR (21 2,) > 0
DR(Z (300 2) =0 (|2, P,y |2,1P7), min (2.0, |2,[) = o0
where, with k= 1,. =min[Re(d, (k)/ S{k))] j=1,..,m,and
b\
By = max[Re((c}’”- DY =1y
We will use these following notations in this paper

V=Bl T ds Vol B8 el U1,|=p5+ Lig.* LK (1.9)

1

28 i 1 :
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Now, we defined the analogue incomplete gamma multivariable Aleph-function :
0, g
. - ) N 1], .M p Ry .
We have : K (z,..., 2,) = R g taRD 00/t BV Prteh 41T RO |
z

r

l) (r) (1} (r) « i) (r) .
[( o, ﬂ [(a o,..., o )]zﬂ,[rj(aﬁ,aﬁ aﬁ.)]m,,pﬁ.

DA 0] D ) 0 ") )
[( ’T ﬂi,nl’[’rs“)( _;;U)’ng(l))]nﬁl,pm’ 91:( _;‘ 3Yj ]:|I,nr’[Ti(")(cﬂ‘(f')’Y;C‘(T)]]nﬁl,pi‘f}

[(dffizﬁtfjl,mﬁ] [;(1)(d(;31>»511;(1})]m1+1q(U’ ’[[d(r) 5{r})] [M(djﬂ*)’aﬁiﬂﬂmﬁhq o

1 7 3
zmh,---- [, W(s)smmmss)) kl;[l L) dSvnils, (1.15)
with @ =+-1
| Y[l a, +k§i Ot] S,{, J ![ F(l—aj+ ;affk)sk)
Y(Sps 8,) = — (1.16)
) ) *)
:=zl [T; lp;lrl r(af' kzla S"] f[ 1"[1 i +ZB }]



The Mathematics Education [Vol. LV (1), March 21] 17

nﬁ F(d(f‘)-a(f")g) ﬁr( B +y® s )
pi s 2 U

il e ) ® ®
2 {Ts{ff) I 1“[ Ak}*ﬁf(né‘] H r(ﬂ(k) Vi Sk)

ik=1 J=mytl

and {(s,) =

CLLF]

wherej=1torand k=1 orr.

We have the same mathematical data and formulas that the Gamma incom-
plete multivariable Aleph-function.

By using the utilisation of the relation (1.3), I’s easy to show the decomposition
formula concerning the incomplete multivariable Aleph-functions.

DR @ e 2) + DR(Z s 2) = R(Zpoees 2,) (1.18)

In the following section, we give the integral formula. This integral will be
used later.

2. Required integral :

We have the formula, (Y.A. Brychkov [8], Ch. 4.1.3, Eq. 12, p. 119). This
integral involves the hyperbolic sinus function.

) ol el T(2s+2)
[ x(a- )7 sink(b Nax(a - x)) dv =272 Vg b ——2—
T(2s+3)
2s+2
2 2
Bl % 2.1)
%, Fx+3

where Re(s) > - %
In the following section, we give two general relations.
3. Main results :

Using the integral defined above at the incomplete Gamma multivariable
Aleph-function. We note X = x(a - x).
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d s+l ‘ . 3
Theorem 1: [ x*(a-x) 2 DR(z X,....2, X) sinh(b Vax(a-x)) dx =272 \na®b

z]ae (a,; a,,...,(x(]r), x),A,4:C
e | ab® 0,n+1:V )
n=0 (‘}] 'n! 8 Uy zraef‘ BBy D
Where
i = (-g- 25 -n;2€, 2e,,,j : B, = ( 2-25-n;2€p 26,.) (3.2)

A N .
providede; > 0;i=1,...,r,Re (s) + Z min €; %)} - %. The conditions given
7

i=1 1sjsm;
by the equations (1.7) and (1.8) are verified.
Proof : We note L the left hand side of the equation (3.1). First time, we replace

the Gamma incomplete multivariable Aleph-function by this multiple integrals con-
tour defined by (1.4), this gives :

1 a3 s v i
L= Ig x‘*(a—x)ﬁ% - JL] JL,,, Wisyesss) T1 Ela)al 5@ ™
(2nw) k=1

sina(bV4x(a-x)) dsy...ds, dx 3.3)

Interchanging the order of the integrals, which is justifiable due to absolute
convergence of the integral involved in the process, this gives :

s & ” r l
L :]7,, J.Ll er W(SsensS,) I1 C;‘(Sf) Z}gi j@ xS+Zi:] Sl (a_x)s+2,-=1653;+2
(2nm) i=1
sinf(bV4x(a-x)) dxds,...ds, (34)

Using the lemma, we get :

43
(254'22‘ 15i5i 2)

L=2 > \/_azb
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2s+2 ZleefS;Jr%
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Now, we use the definition of the hypergeometric function (see Slater [16])
and interchanging the n-series and the multiple (s,...., s,)-integrals (because we
have the absolute convergence of the integral involved in the process), this gives :

_aed 2 ab*\" 1 e i
L=2 Q\H'E—azb ?‘.Z‘O (%]”n’ [ 8 ] (21“0)." JLI er w(Sl""’Sr)fl;[l CE(S:')Z?
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Applying the following property I'(a)(a + n) =I(a +n),a#0, -1, -2,..., we obtain

ot = s 1 (ap?)” ] ; si
L=22+na*h g{] @)”n! [8 } — .[Ll IL,, W(S,,...,S,,)f:l_[lf;f(sf)zj

T(2s+2 3 €5, +3+
B (S i o Ml n]dsl...dsr (3.7)
T(2s +2 Z;':leisﬁr 3+ n)

a

Interpreting the above multiple integrals contour by the Gamma incomplete
multivariable Aleph-function, we obtain the desired formula.

We have the similar result concerning the incomplete Gamma multivariable
Aleph-function.

a s+]— ; . -E
Theorem 2 : jo x(a-x)y 2 YRz, XE,...,z X) sinh(b\4x(a-x)) dx =2 2 ma’h

S : (r) ;
Zia " | (@15 OpsernsOly 5 X), 41, 4:C

= 1 ab®\" o OtV d
Y o | PRy | - (3.8)
11 Er
: z,a B,B,:D
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under the same conditions and notation that the theorem 1. The proof is similar.
In the four section, we gives several corollaries and remarks.
4. Special Cases :

First taking T;, T,(1)...,T;(» = 1, the incomplete multivariable Aleph-func-
tions reduce to Gamma incomplete of the multivariable /-function defined Sharma
and Ahmad [ 14], we have the two results.

Corollary 1:

a ! 3
It x¥(a-x)""2 Opz, X,...,z, X ) sinh(b\N@x(a-x)) dx = 2°2 Vma’h

zlaE' 7 redo 8 ,()Lgr),x),Al,A':CI

% o [a—bz]n(” I | - (4.1)
n=0 @”n! 8 Ly za™ B‘,Bl 5.0t
where

Uy = P @5 =0 My ey P B, 4.2)
Wy =pi: 4;)s RV, Do, 43003 R (4.3)
1= {0 o 8 =
B'= {( Ji ’ Jgfl)’"" B}:))}mﬂ q; (4.5)
O = {[ D (1)]}1 i {[ j(:m ,Y(l))} PP o

(A (1) et (4.6)

(1), {]) (1) 5 (l}
{d 8 }l ml’{[ ji(1) » ﬂ(l) }m|+l,q1-ﬂ)’ “““ ’

{(d&) 3(,))}1 ' {( i) 5 Sj:(}r))}mr+|‘q£(r) (4.7)
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A, and B, are cited by the equations (3.2). We have the following result about the
Gamma incomplete /-function.

Corollary 2 :
») an
Jo x(a-x)" 2 Uz, X9,...,z2, X) sinh(bVEx(a-x)) dx = 2"2 Ra’b

€ . () 1, ~l1
2itr™ | (ot 0ensiCly s yidypld 10

z;.a B',.B] ! e

under the same conditions concerning the incomplete multivariable Aleph-func-
tion (see the section 3) with T, T,(1),..., T;;9 = 1.

We suppose T, , T;(iy...» T,y —> 1 and RV = ... = R"= 1, the incomplete
multivariable Aleph-functions reduce to incomplete of multivariable H-function
defined by Srivastava and Panda [19, 20], this gives.

Corollary 3:
1 3
J'xa-x)""2 OHz,X9,....z, X ) sink(b\Ax(@-x)) dx = 22 \ra’h

€ (r 3
B | (8550 ly 5 %)l d S C

oo 2\n :

néo [%)l”n! [%} . ;?+T+ ;4fv s B.B,:D #5)
where

A=Wy Mo Mol =Dy G il Do (4.10)

= 0 )2 3 BB, @)

0= ([P i (1 g @1

b= (_d{}”’str‘”] 1,q1> (dﬁ),ﬁjf")} g, (4.13)

A, and B, are noted by the equation (3.2).
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Corollary 4 :

a 1 : 3
J¢ x(a-x)""2 W H(z X®, ...z, X ) sinh(b\Ax(a-x)) dx = 2 2 \ma’h

1
2, 0! (a];al,...,a{]r),x),A,A «C

< 1 (ab®?\' ., ,0nt1:X
Y [—} BH o s : - (4.14)
=0 (3)"n! \ 8 PHLETLV g gor B,B,:D

Under the conditions verified by the incomplete multivariable Aleph-function and
Tis Tilypevons Ty —> Lad RV s = Ri= ],

Let r =2, we give two formulas concerning the incomplete Aleph-function
of two variables defined by Sharma [ 13] and Kumar [10], we have the two following
formulas.

Corollary 5 :
a +1 -3
xS (a-x)" 2 MRz, X, 2, X=) sinh(byAx(a-x)) dx =22 \ma’h

€] . 2) .
z,a (a;00,0,7,x),4,,4,:C,

oo 2y
Z 1 [ib_} (N NO,P’H‘l:V ) ) (415)
n=0 (%)”n! 8 U Zzae2 BZ,BI . D2

the quantities 4,, B,. C, and D, replace the quantities 4, B, C and D respectively
with »=2 and

A =(-3-25-n;2¢e,2€,);B,=(-2-25-n;2€;, 2€,) (4.16)
Corollary 6:

’ +1 s 3
Jo x(a-x)" 2 DR X, 2, X2) sinh(bVAx(a-x)) dx = 2"2 \ma’h

€ 2)
z,a- ! (a3 04,007, X),A1,45:C,

= 1 b? +1:V
%, s [a— N : (4.17)
n=0 (5) n! 8 E5 22aEz By,B;: D,

under the conditions verified by the theorems with » = 2.
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Let 1., T, T/ — 1, the incomplete aleph-function of two variables are
replaced by the incomplete /-function of two variables defined by Sharma and Mishra
[15]. we obtain :

Corollary 7 :
1 4
J{f x(a-x)" 2D Iz, X9, z, X<2) sinh(byAx(a-x)) dx = 2"2 \ma*h

z,a%1 (a];al,a(lz),x),Al,A'z:C;

o 1 ab*Y' 0,n+1:V
e (] i | . @18)
=0 (3)"n! \ 8 ' 2,a%? B;By: D;

the quantities 4,, B;, C; and D replace the quantities 4', B!, C! and D' respectively
with » = 2.

Corollary 8 :
I 3
Jo x(a-x)" 2DV [(z,X®1, z, X=2) sinh(b\&x(a-x)) dx = 2 2 \ma’h

€ : 2) e
2,61 | (a;304, 0%, %), 4,,45: C,

s ab®\" . omtl:v| -
S, g (5) Ve | - (419
n=0 ° W z,a2 By, B,: D,

Taking 7., T/, 1" — 1 and R=R"=R" = 1, the incomplete /- function of two
variables reduces to incomplete H- function of two variables defined by Gupta and
Mittal [9], this gives :

Corollary 9:
g 1 3
i x(a-x) 2O H(z X®1, 2, X=) sinh(byAx(a-x)) dx = 2" 2 \ma*b
z,a%1 (a];(xl,(x(f}, x), 45,4 ;C

o : 4.20)
s 2,a?2 B,B,:D
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" . . . s o i il il
where, X=m,,n,;m,,n,; V=p,,q,;P5q,: 4 (aj,aj ,(xj)

2,p°
B= [z;}.; B, Bj@)w (4.21)
CZ(CJ(”’ Yfmjl,m; [0}2)’ 75'2)]1”02 = (d}”’ 61(”)141 ; (d?)’ 85"2)] L4z (4-22)

Corollary 10:
il N
J;’ xS(a-x)’ 2 DH(z X9, z, X<) sinh(b\dx(a-x)) dx = 2" 2 \Ta*h

z,a%1 (al;al,ot{lz), x), Ay, 4;C

2 1 (ab®\'y,,0,nt1:X
3 [__] §9)2 s ‘ s y (4.23)
= (B)"nt L 8) T PLELV L s B,By: D

under the same conditions concerning the incomplete multivariable /-function (see
the corollaries 1 and 2) where » = 2.

Remarks :

[f »= 1, the incomplete multivariable Aleph-function reduce to Incomplete
of the aleph-function of one variable defined by Sudland [22], see Bansal et al. [5]
for more precisions.

The incomplete multivariable /- function is replaced by the incomplete of
the /-function of one variable defined by Saxena [12], see Bansal et al. [4] about
this study.

The incomplete multivariable /- function reduce to incomplete of /- function
of one variable (see Srivastava et al. [21]), see Bansal et al. 3], Bansal and Choi [2].

Srivastava et al. [21] have introduced and studied the incomplete H- func-
tion. We can studied the incomplete of the /- function defined by Rathie [11].

5. Conclusion :

The importance of our all the results lies in their manifold generality. First,
by specializing the various parameters as well as variable in the incomplete multi-
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variable H-functions (") X() and ) X(), we obtain a large number of results involving
remarkably wide variety of useful incomplete special functions (or product of such
special functions) which are expressible in term of H-function defined by Bansal
etal. [6], and hypergeometric function of one variable. Secondly, by specializing
the parameters of these functions, we can get a large number of integrals about the
incomplete multivariable incomplete special-functions of one or more variables.
Thirdly, by specializing the parameters of the integral involving here, we can
to obtain a large number of new integrals. These new functions have huge applica-
tions in physics, science, mechanics and other disciplines, see Bansal et al. [2, 5],
fractional calculus Bansal and Kumar [3], probability law, see Bansal and Choi [2]
(Pathway law).
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