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Abstract :

In this paper, we evaluate a infinite integral whose integrand is the
factor zU1(z- 1)H (z+ 1)P (a+ bz3) 9. Next, with its help we establish the second
infinite unified integral whose integrand involves the product of (v, B)-general-
ized associated Legendre function of first kind, “ﬁP;_”' "(z), general class of
polynomial S(x), H-function and multivariable Gimel-function. At the end of
this study, we shall several particular cases and remarks.

Keywords : Multivariable Gimel-function, multiple integral contours, general class
of polynomials, generalized associated Legendre function of first kind, H-function,
multivariable Aleph-function, multivariable /-functions, multivariable H-
function.
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1. Introduction and preliminaries :

Throughout this paper, let C, R and N be set of complex numbers, real
numbers and positive integers respectively. Also Ny,= N U {0}.

Recently Jain and Kumawat [8] have determined an infinite integrals involving
generalized associated Legendre function of the first kind and multivariable
H-function defined by Srivastava and Panda [15,16]. The aim of this paper, is to study
an infinite unified integral involving generalized associated Legendre function of the
first species, general class of polynomials, H-function and multivariable Gimel func-
tion. In the first time, we give a brief definition of the multivariable Gimel-function.

The multivariable Gimel function [2] is an unified special function, it’s an
extension of the multivariable Aleph-function defined by Ayant [1], the multivari-
able /-function defined by Prasad [9], the multivariable /-function defined by
Prathima et al. [11] at a time, of course this function is a generalization of the
multivariable H-function. To define this function, we use the multiple Mellin-Barnes
integrals contour. Its contracted form is the following

_ 1| AA:A4
. e L0,m.V . . = 1
3("1’"1 Zr) SX;PfrafH;uTr},iR},iY 2 (zn(ﬂ)i J‘Lk ILF lll('s‘l"'"" SJ")
z. | B;B:B
#
0,(s,) z3kds, ... ds. 1.1
k.I——I1 i (5p) Zic ks ’ (1.1)
with @ =v-1

The following quantities \(s,..... s,), 0,(s,) (k= 1,..., ) are defined by Ayant
[2]. About this paper, we assume that the multivariable Gimel-function converges
absolutely. For convergence conditions and other details (parameters) concerning
the multivariable Gimel-function, see Ayant [2].

Following the lines of Braaksma ([3], p. 278), we may establish the asymp-
totic behavior in the following convenient form :
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S(213er 2,) = 0012 "Ly |2, 1), mEX( |2 s |2,]) = O

3z 2) =0(|zl||3‘,..., |z,,|13"'), min(|z,|,..., |z,|) = eo wherei=1,....r
o 0. 1
o,= min Re Dm[ ] and B.= max Re || —L
1<j<m( 8(:) 1</<nt?) / ’Y(;)

In your investigation, we shall use the following notations.

(1) 2. (2
A= [(QZJ’% %I’AZJ)L ”2,[‘:,7(a2m O3jins X2jins AZ;Q)]’QH Piy’

(1) 2) (3)
[(ay; 05, o3/, oy =A3j)]l.n3’
D @ o oD
[y (@31, 3 Oy, O3, Oy Ay ) poreess @ty 3 00y sveees

r-1)
073 At [ (137,05 €0 1y

(r-1) .
Of1)jip1 'A(r-l)_f'r'r-l)]nr.ﬁl‘p:'r_l (1.2)
(]) f:} (1) (r)
A= [(aﬂf‘ g roren @’Au)]lnr [, rir> Fgiy>+> Ly 2 Aurr) n+Lpiy (1.3)
D . A (1 b . AD o
A= [(_' >V (_; )]l‘ﬂu), [T,-u)(fﬂ(l'),“)'(--{l),(.-j.!.(n)]ninﬂ__p(_n,----,
i 1

J
(r). r(r) (r) (1‘) '{?') 3
[(JT 1 :_,- )]],m{r):[ (;)(’3 () Vi) > 'j-i(r))]m(r)ﬂ,pi(r} (1.4)
_ R RE) O pD R
B = [sz(bl‘.ffz’ ﬁ%ﬁz’ Bl.ffz LJFZ)]I iy’ [ lm.’ "ﬁ"’ 3iy? B”ﬂz’ B”ﬂ‘i)]l ‘Ir«,
(D (r-1) .

[ 1By > Bty By Bownyjip )1,y (1.5)
B=[r {880 ... B0 B (1.6)

i iy Eejip Zrjip/ 1, g, :

1) (1), 1) 1) 1 N
B=[d",5"; D )]lmma[’f,(n(dv,,(l)‘s((r)s .E-,-()l))]m(nﬂ_qimv---'

[, 87 DI, o [T (@50 8y s D] 00 40 (1.7)

U=0, n,; 0, #5;...; 0, n,.4; ¥=m®, n®; m®, n®;._.; m, n® (1.8)

r- I’
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X=py: 4 T Roseiby 145, 0% R ]
(1) (r) (19)
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Let us specify the particular cases of the multivariable Gimel-function by
the four conditions :

Condition 1:lfn,=-=n,=p,=qy="=p; =4, =0and 4y=4,; =B,;
w=A4;=Ay =B, = 1. A =4,; =B, =1, the multivariable Gimel-function

reduces to the multivariable Aleph function defined by Ayant [1].

Condition 2: If ny=-=n,,=p,,=q,==p; ,=¢; =0and1,,==1, =7,
=T,(n=Ry=-=R,=R=--.=R0" =1, then the multivariable Gimel-function

is replaced by the multivariable 7-function defined by Prathima etal. [1].

Condition 3 : Ian,I Apji, = Byji, == A=Ay =By; =1 andt,=-=1, =T,1)=
~=TH=Ry=-=R,= R(“— .= R(” = 1, then the generallzed multivariable

Gimel-function is the multivariable /-function defined by Prasad [9].

Condition 4 : If the three above conditions are satisfied at the same time, then
the generalized multivariable Gimel-function simplifies to the multivariable H-
function.

We will use these conditions in the last section concerning the special cases.

Srivastava ([13], p. 1, Eq. 1) has defined the general class of polynomials

S,f(x) — Z ( ’:)HK

K=0

Ay, K“k (1.10)

On suitably specializing the coefficients Ay g, §¥(x) yields a number of
known polynomials, these include the Jacobi polynormals Laguerre polynomials
and others polynomials ([17], p. 158-161).

The following serie representation for the H-function can be obtained from
aresult given by Rathie ([12], p. 305, Eq. (6.7)), this gives :
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—MN €, E, E')LN: (e'a E')N+LP oo M _
H - A =R 1?7 = z Z B(S;,h)zshh (]]1)
PO 5 s g ais
s Eyae U £ Cj)MH.Q 0 k0
where
M N
[ T(f-Fsp) I [T -e+E;s)]5
= =1, j#h (‘):’ J Lh)_}'—:l [ ( j i 1, h )]
B(s,) = (1.12)

. P
;=¢1;l+1 [T(1L-f+ ﬁsx.h)]“*’Hl;Irl [(e;- E;,.)

The behavior of the F_{f:tgu(_z) function for small values of z is given by the relations

f?};”‘(;v (z)=0[|z|"], where oo.= min Re [Re [il 1 see B.L.J. Braaksma [3],
.0 1M FJ
and

e/

SI 5=
’ F
h

(1.13)
The (1, B)-generalized associated Legendre function of first kind is defined

and represented in the following form ([ 18], p. 180, Eq. (15-16))

- (Z +1 )an (Z -1 )—mfZ

(1 - m)

F”[‘(—_-’"'"+1,-k-”"” T (1.14)
21 2 2 2

t’BPE"‘H (Z)

m-n

provided | 1 -:|<2;k+%’+ 10,1, -2, k== #0,£1, £2,..;m#0, -1,

]

-2,..and|arg(1+z)|<m;{t,B}cR,7>0,7-B<1,

() Jl (1 - et

B
h 7 7 b,c;z)=
wie G BED T (b)) T(c-b) 0

S, [(a,1), (¢, 7); (¢, B); zf*]dt (1.15)
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provided {t, B} € R, min(t, B) >0, T-B <1, Re(c) > Re(h) >0, Re(a) > 0.

The contour representation of (t, B)-generalized associated Legendre func-
tion of first kind which is used in this paper is in the following form

(Z +1 }m? (Z o I)—mQ

r(k-’%+ 1) F(-k-mz‘ ”]

I'BP;:H’”(Z) —

r(k-’"—z'ﬁ 1 +s) r(-k-ﬁ%'i% rs_] I'(-s5)

i

§
T(1-m+ Ps) [ > ]ds'
(Z +1 )P!.Q (Z = )—m,Q

r(k-mgt e re-#32)

() 025019

12| z-1
H | — 1.16
e (0, 1), (m, B) (1o
2. Required Result :
Lemma :
T . } : (Ma®
M- P e+ )P (a+ b)) di=—————
[ DM )P @ by de =S
0121511 | b (I-v:¢,1):(1-0,1);(1-p1,1)
H o112 _ (2.1)
2 =00, 1), (n-v+p,q);(0; 1), (1 -mu-p, 1)

Provided Re(v) >0, Re(i) > Re(v-p)>0.

Proof : To establish the above integral, we express the term (« + bz7) P occurring on
its left hand side in terms of Mellin-Barnes contour s-integral ([ 14], p.18, Eq.(2.1))
and then interchanging the order of s-integral and z-integral. The left hand side of the
equation (2.1) takes the following form (say I)
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-0

a1 YT _utgs-l o gl -p ;
o) 2 !F(o+s)r( s)[ ] L{h (z- )H@E+1)Pdz| ds (2.2)

Now evaluating the z-integral with the help of the formula ([6], p. 287, Eq. 8),
next expressing the Gauss’s hypergeometric function involved in the result in terms
of contour integral with the help of ([4], p. 62, Eq. 15) and finally interpreting the
resulting Mellin-Barnes in terms of H-function of two variables, we obtain the right
hand side of (2.1) after algebraic simplifications.

3. Main Integral :

In this section, we determine a generalized infinite integral involving the
multivariable Gimel-function with general arguments.

Theorem :
f Yz -1y Mz +1)%a+ b2ty P 5;\ [J/) 270(z - 1) H0(z + 1)P0(a + bz7) 0]
0

2,21z - Mz +1)°!
T M.N vl gyl p ]le 1, n[z ; :
H;{Q{ V@-1yH(z+1) Pk = 3 ) i . dz
ziz"z-1)Trz 1)
(_)-HFQH = M [N’.-’,M’] (_ N’)M"K

i AR _Mm=-ny =0 h=0 K=0 K!
r(k ; +1]r(k 2]

Ay, xVEB(s ) y P10 () RoK1ss
.(')‘Mlz| A;AlsA:A;(l,l;l),(l-m‘B:I]
f 0 A3V

JXp;r+3 qiy 2T Ry ( )“lz
-2

B:B.B,:B:(k- mz‘”ﬂ,l;]), (~k - mz'”, ©.1):0,1:1)

3.1)
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where

4,= (1 (u-v+p)-=

'(Mo Vy+Pe)K = (U= +ph)s o - U1+P1)

([J.}."U‘,.“" Prs 1, 01 I)a(l '“'%'U‘O‘Kv' p’!,ha Hiseess “?"1]9];1))

(1-v-v,K- UIS_,‘;!,UH..., v,,0,0; 1) (3.2)
(1) (J <l r
[(a 2 O -es r.*}’O 0:4 )]lﬂr [ (aﬂ.‘ffr’arﬁ}'r’ 2 5";:; 0,0; Arm)]”"'l-m,- (33)
_ .l ¥
B_[Tiy(hijr';-’ }jl}'r ngzr ’ ’Br_,ﬂ;)]l G (34)
By = (1 e p =0 g+ po)K - (' +VY)s, 0 1y + Py, r+p,‘,1‘l:1]s

(l -u-;m-uoK-u's,‘h; Ry B 1, 0; l), (3.5)
B0, 0, 0 50 o V=mO, 1O m@ n®: m® n:2,1:1,0  (3.6)
X=Pps s Ty R 3Py 1 Gy T R (3.7)

Y:pf_“). gf(l), T;'(“;R(I);---;P‘,-(rr q,—(ﬂ‘)‘ Ta'("); R("}; 2,2:0,1 (3.8)

The following quantities A, 4, B and B are defined by the equations (1.2),
(1.4), (1.5) and (1.7) respectively in the first section.

Provided that :
vl pl v, P v - p > 0= (1, 1)

£ of 4°
+ Z v, min Re ,-') >0
E,- i=1 I_;(U(‘) 8”

(i)
{H+Z(D - M- P)rmn Re[D“)[g Hd}

i i

Re(v) +v! min Re[

l<j=M

Re(v-p-p)+'-pl-p )mm Re[[

larg(z,)| < %Af.k)n', where Af.k) is defined by Ayant [2].
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Proof : To prove the above theorem, expressing the general class of polynomials,
the function H(x)and (x, B)-generalized associated Legendre function of first kind
in series with the help of (1.6), (1.7) and (1.11) respectively and the multivariable
Gimel-function in terms of Mellin-Barnes multiple integrals contour with the help
of (1.1). Then interchanging the order of summations and (sy...., 5,-1 )-integrals with
the z-integral which is permissible under the stated conditions. We note I the left
hand side of the equation (3.1) and we obtain :

m m-n

A S o M [NIM] (-N)+p
= m( 2? m-n Z0 ;zu Kzﬂ %(
e TR TV et L L = = = :
FReEg Rl T (e S0

_ |
K :
Ay g Vs 66,1 3, Gray

i r gl
[ o ] W10 8) T 8,082
L1 Ly =1

r[k-%u 1 +s,__f] l'[-k- mz‘ B, rs,ﬂ) I'(=5,,)

§p+1
r(l-m+PBs,.y) [?]

e r r
VHOK+Ols, S ugsi-l o pvit- 2 poK-Alsy -3 pgsitsen

z i (z-1)""2 Al
0

(z+1yP*5 PoK+ilst ',.Elpf“'f‘dz} ds,....ds,., (3.9)

Now evaluating the inner integral with the help of the equation (2.1) and
expressing the multivariable Gimel-function involved of the result in terms of Mellin-
Bames multiple integrals contour as given by (1.1) and finally reinterpreting the
result thus obtained in terms of multivariable Gimel-function of (»-+ 2)-variables, we
obtain the right hand side of (3.1) after a few simplifications.

4. Special Cases :

In this section, we have several particular cases. We will use the conditions
mentioned in the first section.
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The multivariable Gimel function reduce to multivariable Aleph-function,
we use the conditions 1, and we have the result.

Corollary1:
[ 27z - )M+ 1)@ + b2y P M 3,20z~ 1) M0z +1)P0(a +b27) 0]
0

z, 21 (z-1)yM (z+1)°1
F;ffg {yl Plz-1yE+1)P! } T’ﬁ!’;"” [g] X : dz
' 2,2 (z-1)Mr(z +1)Pr

_ (_)—mf?+1 § g (N'/M] ('N’)M’K

r(-k-mz_“”Jrl‘Jr(;(_mi”] =0 h=0 K=0 K!

A.-’V‘,Kyg’ é—(ﬂ'r. h)ylplSrJa (_)-.U-MUK-.ulS:,h
(-)'H]ZI AI,I’ A]'Ai;(l$ I)D(] -mvﬁ)
0,nt3: . :
Np’+3,q!+2,t,-:R:Y (yMz, : (4.1)

2 Bi"Bl,l - BI,(k'%HJ’-I, l)., ("k’ mz ”, T) s (0., I.]

under the conditions mentioned in the theorem and we apply the condition 1.
In this situation, we have the following relation : /= X= 4 = B =0 and the expo-
nents are equal to 1. The quantities 4, |, A}, 4,, B, |, B, B’l replace respectively the
numbers 4,, A, 4, B|, B, B by respecting the condition 1. The conditions of the
theorem and the condition 1 are satisfied. More presicely, we have :

m-n

A= (1 -(H-v+ P)-T'(HU'UUJFPU)K'(H‘ -0 ph)s s -0yt pl)v"v
. 1
(ur'UJ'+ P 1, 0)5[1'“'%- uUK-“.',h’ Hipseess ”i'ala 1)1

(1= - g K =08, 4, Vv 5 0, 0) (4.2)
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B, ,= (1 -H-p 'mT-ﬁ.'(UUJFPo)K’(UI VDS Mt Praes Mot Pl 1),

[1-p-"2—”-u0K-ulsf_h; p|,...,j.1,,,1.0] (4.3)

The multivariable Gimel function becomes the multivariable /-function
defined by Prathima et al. [11], we use the condition 2, this gives.

Corollary2:

J 2Nz -1y @ +1)°(a +b2%) P SM [y, 2°0(z - 1)H0(z + 1)P0(a + b2%) °0]
; ,

2,21 (z-1)yM @ +1)P!
Y - v [0 (2) 1 | "

' 22z -1)Pr(z+1)Pr

(! = M VM) (N )k
e =D M-N =0 p=0 K=0 K!
r[k . +1)r(k - ) *

Kp(e 8 “p-poK-pys
AN’,X}’O 8(*5r‘h)ylpl Lh (-) H=Hof-H1se

(')-“121 Ay, A A5 (1,1:1),(1-m, B 1)
0,n+3: 1 :
pH3g2:Ys (_)'Hl:l

-2
5 | BuByBy (kT

(4.4)

2‘”+1, 1:1), (-k - ’”2"5 7:1);(0,1; 1)

We have the relation : U=X=4 =B =0. The numbers A,, 4,, B,, B,, ¥, are
interchanged by the quantities A, 4,, B, B, Yrespectively by using the condition 2.
This corollary verify the conditions concerning the theorem and condition 2,

and

Vo=p, 4 pW. 49 12,2: 0, 1 (4.5)
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Now, the multivariable /- function defined by Prasad [9] is a reduction of the
multivariable Gimel function. Here, the exponents are equal to 1 and the condition 3
are satisfied, we obtain the relation :

Corollary 3 :
[ 27 -1+ 1)@+ b2)P Sy [y, 2% - )M +1)P%a + b2y )

zj# ' E-T" g+

—MN 1 il ol wpmn | Z
oo [ylz" (z-1)" (z+l)p]TBPk [H]I : dz
2,2 (z-1)Hr(z+1)Pr
"> S U N (N
pom=n_ " M-I =) p=0 K=0 K!
[ (k- 22 1) (k- 25
Ay g 5{ 5(5:, B ylms;,h (_)-u-uoK WStk
(')_HIZI A3; A3,A11:A3,(I: l)v (] -m, B)
L3.0,n4+3: 7 : :
o § ) 4.6
Xap3.q 421 | (-) "llzl : e
-2 m

AyB, | ByByi(k - 2‘”’+1,1),(-k-’” ' 1);(0, 1)

=¥
2 2
[n this equation, the exponents are equal to 1. The numbers A3, 4, |, As, 45,
B, B, ;. By, By, Y, are instead of the quantities A, 4,, A, 4, B, B, B, B, Yrespec-
tively by applying the condition 3. This corollary verify the condition 3 those of the
theorem.

Now, the multivariable Gimel function verify the conditions 1, 2, 3 and 4
simultaneously, therefore our function simplify to multivariable H-function, we
get the following integral :
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Corollary 4 :

Sy

M- Mz +1)%a + b2y Sf" B 290z - 1YM0(z + 1)PO(a + bz9) °0]

e R N SR
2 {yl Pe-1yHe+ 1')'91} "y (2) : dz
2,z (z-1)Mr(z+1)Pr

(_)-m_-".!‘-' | oo M [N’;"‘fW] (- N’)M’K

l"[-k- m:; "+1)1"(k—%) =0 h=0 k=0  K!

K A ; clU-UnK-L1s
AN',KJ’() e{sr,h)ylplbhh ) H-HOR-K1S1, A

Gz, Ay Ay 4G (LD, (1=m,B)

O,n+3:

pt3,q+2:1 (_)—J..l|2,I (47)

-2 .p . -7 . =N\,
-2 B|1E,B4B4(k'm2_”+l, l)., ('A'Z_., T),(O, l)

In this above formula, the exponents are equal to 1. The numbers A L1 Ay
Ay, By 1.By, B,, Y, are written instead the quantities 4|, A, 4, B, B, B, Yrespectively
by verifying conditions 1, 2 and 3 at a time. This integral verify these three condi-
tions cited in the section 1 and the conditions of the theorem.

Remarks :

Jain and Kumawat [8] have obtained easily the same relations with the
multivariable H-function. In their document, they gave several applications and
specifying certain parameters. This study uses simpler special functions.

We obtain the same relations concerning the multivariable 4-function
defined by Gautam et al. [5], the modified multivariable H-function defined by
Prasad and Singh [10].
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5. Conclusion :

The importance of our results lies in their manifold generality. Firstly, in
view of the unified infinite integrals with general class of polynomials, the (1, B)-
generalized associated Legendre function of first kind with general arguments
utilized in this study, we can obtain a large variety of single simpler infinite
integrals specializing the coefficients and the parameters in these functions.
Secondly by specializing the various parameters as well as variables in the genera-
lized multivariable Gimel-function, we get a several formulae involving remark-
ably wide variety of useful functions (or product of such functions) which are
expressible interms of E, F, G, H, I, Aleph-function of one and several variables and
simpler special functions of one and several variables. Hence the formulae derived
in this paper are most general in character and may prove to be useful in several
interesting cases appearing in literature of Pure and Applied Mathematics and Math-
ematical Physics.
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