The Mathematics Education ISSN 0047-6269
Volume - LVIII, No. 3, September 2024 r

Journal website: https://internationaljournalsiwan.com Lo g
ORCID Link: https://orcid.org/0009-0006-7467-6080 el
International ImpaCt Factor: 6.625 https:/ /impactfactorservice.com/home/journal/ 2295

GOOglC Scholar: https://scholar.google.com/citations?hl=en&user=UOfM8B4AAAAJ
Refereed and Peer-Reviewed Quarterly Journal

On unified finite integral involving product
of Psi-function of two variables and

generalized R-function
by Frédéric Ayant',

Teacher in High School, France
Prvindra Kumar?, Department of Mathematics,
D.J. College, Baraut - 250611, India
2Corresponding Author : prvindradjc@gmail.com

(Received: August 30, 2024; Accepted: September 16, 2024; Published Online: September 30, 2024)

Abstract:

In this paper, we evaluate a finite integral with the generalized R-function
and incomplete Psi-functions of two variables. On account of the most general
nature of the functions occurring in the integrand of the second integral, our
findings provides interesting unifications and extensions of a number of new and
known integrals. At the end of this study, we shall two particular cases.
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1. Introduction and notations:
First time, we have expressed the incomplete Gamma-functions.

The incomplete Gamma functions y(a, X) and ['(a, X) are defined in the following
manner, (see [16]).

- X
7(a, X) = / u* e "du  (R(a) > 0; X > 0). (11)
Jo

Lt X )= / u* e Udu (X = 0:R(a) > 0 when X = 0). (12)
X

We have the following relation :

(o, X) + (o, X) =T(a) (Re(a)>0) (1.3)

Recently Y.P. Kumar and B. Satyanarayana [9] have studied the psi function
of one variable. In this paper, we introduce the incomplete psi function of two
variables. This function generalizes the /-function of two variables defined by Sharma
and Mishra [13], the /-function of two variables introduced by Kumari et al. [5] so
the H-function of two variables studied by Gupta and Mittal [3]. It’s includes the
I-function studied by Saxena [12], the generalized hypergeometric function
defined by Rathie [11], the H-function studied by Srivastava et al. [17] and their
respective incomplete functions.

Let the Psi function of two variables expressing by the double Mellin Barnes
integrals, we have:
_ T, 0,ny;ma ngimg ng

r . e data 5 AN
U)(Z],Zz . X) =1 "wQ'i"iP,“Q.'3"'-[1"-“!.”1"”(”1' 22 . .\) =

z1 | (a1,00,41;Ay : X),(a;,05,A4j; Aj)an,; (@i, 05s, Ajis; Aji)ny+1,P,]

22 (bji, Bjiy Bjis Bji)1,Q.]
(('j- Vis C_; )lug- [(",11’- A,‘,/l’IC,]l’ )n-,:+l:l’,/]: (('_1- IZ‘JZE_,)ln_,- [((‘i'”' I“‘.l'”: EJ'”)"-”'I;I)'”)

(dj:6;:Dj)1m,» [(djir, 653 DJ’").”.ZH:Q, [i (£33 Fii ) ams [(Fjirs Fjirrs Fjir Y mg 41:Q,01]
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Bty ta : X)0y (t1)02(ta)zy ' 25 2 dty dty (1.4)
Lild B
where
([ ¢ \’) IA](I—ll]—(I]fl— 1|f)ll)n"] lA(l—(l]—Hfl—*‘f)) (1 5)
(1R STR 5 .
i [HQ IBsi (1 - bji — Bjits — B./"2)Hnl+| PAST (aji + it + '411’2)}
| s I'Pi(d; +6;t1) []52, TCi(1 —¢; — v5t1)
01(t1) = =1 2 : (1.6)

A Py ~C, ;¢ Q. .3 :
Z:’ 1 I:I_I.]:n-_. 1 [C“ ((.AI" 3t Av'_l"" ) H_[:m-_y +1 I D” (1 Iy (I,/l, iy o,l"’l):l

" TFi(f; + Fit) [1:2, I®i(1 — ¢; — Ejta
92“0) = H (j) )H =1 ( J J -) (17)

i Pn E Q. sF. . . 5
Z:” 3| |:I—[‘[=H_{ 1 ™ (e Ji”’ +E g1 )H‘}:m;; +1 L5 (1 T ',.Il” AL i‘jl”fﬁ)]

where z, and z, (real or complex ) are not equal to zero and an empty product is
interpreted as unity and the quantities P;, P/, Py, Q;, Oy, Qin, My, M3, Ny, Ny, N3 are
non-negative integers such that O, > 0, Q,,> 0, Q;»> 0> 0; (i =1,....., 7),
(i’=1,...,r),@{A"=1,...,r"”). The exponents A, B, C, D, E and F are positives
numbers.

All the numbers A4’s, a's, B’s, B's, y's, 8's, E's and F's are assumed to be
positive quantities for standardization purpose; the definition of Psi-function of
two variables given above will however, have a meaning even if some of these quan-

tities are zero and the numbers a;, aj;, bj;, ¢;, d;, d;iv, ¢jiv, f;, €, fiin €ji» are complex

numbers. The contour L is in the s-plane and ruzls from -0 to +woo with loops,
if necessary, to ensure that the poles of FCJ(I cj- yj Bi=1s, 800 41 - a;- o
t -Aity)(j=1,....,n;) and i {1 ¢;j- Litr)(j=1,...., n3) are to the right and all the
polesof ;. The contour L,isin the f-plane and runs from - oo to +m oo with loops,
if necessary, to ensure that the poles of T'7( fit i), (j=1,...,m3) and FFJ'(a}Jr d;
), (j=1,..., my) lie to the left of L,. The poles of the integrand are assumed to be
simple.

The function defined by the double integrals (1.4)is analytic of z; and z, if

P;

Q,r
U= ajiAji— Zf,,B,,+Z’),, i — 3 0Dy <0 (1.8)
J=1

Jj=1
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P Qi Pin Qi
Us=)_ AjiAji—)_ BjiBji+ Y EjinBjin — Y _ FjinFjin <0 (1.9)
i=1 J=1 Jj=1 Jj=1

The double integrals defined by (1.4) converges absolutely if

n msy P, Qi
Us _Zlu A, +Z C; +Zé C; — max ( X, "J»'A./I+Z“‘.ﬁ3.ii)
J=1

j=n1+1

Py
—ly:f;x.,(z oot 3 o ) | (1.10)

J=na2+1 j=ma2

j=ni+1

ni ms ns
Us=) _ ajAit Zl F;F;j+) E;E; - max ( Z AjiAji + Z B,,B,,)
Jj=1 1= =1 —E

[’,I/ Q'//
— 1<|B,,\<x,” ( Z IL‘J,‘”EA,,"' + Z I“J'”F,]l“) > () (1.11)

J=nsz+1 J=mg+1

T T
5U3, largz,| < 5

T(z1,22) = O( 21|, |2r[*?) . max (|21, |22] ) = O

and we have the two inequalities: |argz;| < Uy.

T(21,22) = O( |z1|P,]| 2217 ) , min( |z, |z | ) = 00 :

where

Pl d; s e i
n= g, | (0 = 2, e ()

2, 1-¢ v
= s e [(0152) | = e e[ (752

For convenience, we will the notations:

A(X) (Cll, OLlaAl P, & Al) A= [(aﬂ: (x‘]la ]1’ z)n1+1:P] A= (C 7YJ7 G )1 NoX
[( i Yji’s ji’)n2+1’ Pi’]’ [(ej,E], E )1 ,n3> [(ejl”’ E]l”s E 1% n3y+l> Py
(1.12)
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B= [( ji> B]z: jis le)l Q] B= ( D])l my :[( i’ ]1 aDﬂ)m +laQ ]
(];, ], 1)1 ms a[(fla Jji”7s ]z) 3+1>Q ] (113)

Now, we give the expression of the gamma incomplete Psi function of two
variables.

F ¥..0n1ma n ms.n s 2t . T
'71/)(21722.X)— l[ (’2 Q‘ "I ,.QI”:,‘,,(,.]...Q._\)

21 | (a1,00, 415 A1 2 X)), (05,05, 45; Aj)2ny, (@i, @iy Ajis Ajidng+1,8,] ¢
Zy (Bji, Bsi, Bji; Bjiho.) :

(("pﬂrll:cj)ln;-I(('jl’-‘\,’jl’:Cjz’)n-_:-f—l:f ] (( I‘ E )Im [( -E.)l”;E‘)i”)n_ﬁ-l:/’,u}

((lj-(s.]:Dj)]m‘_»-[(([j'“(sji' D)l ),,, 241;Qy ] f} F F )lnn [(f)r u )mx 1;Q,r ]
:_l_/ / ' (ty 1o 2 X)0y (t))0a(ta) 2" 25 2dty dty
T I g o e L N e (1.14)
where
A1 =gy — agty — Aite : XV TP, TA (1 —a; — ait; — At
O Y & L T i (1.15)
b 351 [H 3 (1 = bj; — Bjitr — BJI’°)H111+1FA','F(ajl+ajit1+Ajit2)}

0,(s) and 6,(7) are defined by the equation (1.6) and (1.7) respectively. We
have the equality

P(z1,22: X) +7 (21,22 : X) = ¥(21, 22) (1.16)
In the right side of the above equation, we get the Psi function of two variables.

Recently Kumar and Kumar [4] have defined the generalized R-function as follows:

a, o . ( ) -
q 67( ) :Rq'ﬁ,'r(ala"' ,Cl.p,bl,"' )bq;z) ZOO—O ﬂJ 114; » (Zi’:—ﬁ) (117)
We note
AT () = TR Ty (1.18)
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where a, B, y €C, Re(a) > max {0, Re(k) - 1}, Re(k) > 0. About the absolutely and
normal convergent for instance, see [4].

Let a;(j = 1,...., p) = bj(j = 1,...., q) = 1, the above function reduces to
Generalized Mittag-Leffler function defined by Srivastava and Tomovski [ 18], this
gives:

E}5(2) = Talo Ty (1.19)
where o, B, v, k, z €C, min {Re(a), Re(B), Re(y)} > 0, Re(a) > max {0, R(k) - 1}.
We note:

AY%(n) = F—(—gﬁ (1.20)

Taking g = k, we obtain the generalized Mittag-Leffler function defined by
Shukla and Prajapati [ 14].

E2%(2) = Too rilieimm (1.21)
where min {Re(3), Re(y)} > 0,we note

AT%(n) = i (1.22)

We suppose : a;(j = 1,...., p) =b;(j=1....., ) = k=1, we obtain the function
defined by Prabhakar [8]:

B 4(2) = oo Moy (1.23)

under the conditions where z, o, B, y € C, min{Re(a.), Re(p)} > 0. We pose:

If y =1, we obtain the Mittag-Leffler function defined by Wiman [19, 20]
and we have:

Ea,8(2) = Xov1 Taaraym (1.25)
where z, a, B € C, min {Re(a), Re(B)} > 0.
Let

Aas(n) = tmimm (1.26)
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Now, B =1, we get the Mittag-Leftler function [6, 7]:

Es(2) = Yonvi togyml (1.27)
wherez, a eC.
Let

As(n) = sramrayi (1.28)
2. Required integral:
We have the following integral, see Prudnikov et al. ([10],4.1.5, 61 page 139).

Lemma:
g z5=1 t—1 1+bv a—x) — 98+t 1 1
(a—2z)"In z=20""B|s+ =,t+
Jo 1-by/z(a—x) 2 2

l,l,s-{-l,t-f—l 2
x4F3( V. 2;%) (2.0

gt g
where a > -1, Re(s) > -1, Re(f) > -1, |arg(4 - a*b?)| <.

In the following section, we give an unified finite integral concerning the
incomplete multivariable Psi-function this gives :

3. Main integral:
Let

V=m,,ny;ms, 03, Y=P;r, Qs 77 Piry, Qi 17 (3.1)
We have the following result by using the notations given by (1.12) and (1.13):

Theorem 1:

/axs‘l(a—z)t”ll 1+b\/ z(a — x)
0 1—by/z(a—x)

"R"’B'y (zz4(1 — x)B)
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Ziz"M (a — x)°
o

(F)‘w iz = 2a°t* Z §IA3'3'7(n)z" (

22;1;712’ (a s I)Cz n,n'=0

)

163 | 0l

&

g

4

_CAX), AL A2
Zy
(D) )01 +4:V : (3.2)

1’)Ps+4.Q-+3;r:Y )
Z2 B,B;: B

under the conditions verified by the psi-function of two variables, see the first
section and
. d;
Re(s+nA)+ (m+mn) min Re|(D;== || 5 1
<< d;

1<j<m2

and
Re(t+nB)+ (1 +¢€) min Re [(F, -If:,i)] T

ISjsms

where a, B,y €C, Re(a) > max {0, Re(k') - 1}, Re(k') > 0. A, B> 0and
larg(z,) | < %A(k)n, A® is defined by (1.10) and (1.11), k=1, 2....

and
Ay =(3-s—n"—nA;m,m;1),(3 —t—n'—nBje,e3;1),

—s—t—n(A+B) m+ter 1n2tea. 1-s—t—n(A+B). m+e1 nte.
(Fetplath) mia mia;q), RALE), min nic) (3.3)

B; = ("S"—;(A+B) = Tl’; 7)142—61 7 7)2‘2&2 : 1))(1‘3‘"1"2"(‘4*’3) s nl; Hl;'fl , m-zi-fz : 1>’

(=s—t—n(A+B);m +€1,m + €2;1) (3.4)

Proof: To prove the theorem, first expressing the new generalization R-function
defined by [4] in series with the help of (1.17), and we interchange the order
of summations and integral (which is permissible under the conditions stated).
Expressing the incomplete Psi-function of two variables in double Mellin-Barnes
contour integrals with the help of (1.7) and interchange the order of integrations
which is justifiable due to absolute convergence of the integral involved in the
process, we will note the left hand side of (3.2) 7 :
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Z R (2z4(1 — z)B) 27 W/Ll /Lz ®g(ty, t2; X) kI-[lﬂk(Sk)Zk"

a

xs+'nA+Z:'f=l tini (a Lx ;1;)”'"‘5*’23:1 thek drdtldtg (35)

o~

Using the lemma, we obtain:

o0

2
1
I = K Aa,B,y n —/ / (I‘)¢t X Or(te)Z:x
r;JPAQ (n)e (2mw)? Ji, Ji, Wrds );:c[;[] : g

2 2
1 1
B (s +nA+ kE_lnktk + E,t +nB + kz_lektk + 5)

2 2
Lls+nA+Y 0 itk + 3.t +nB+ Y0 exti + 3 (ab)?

a3 $% ; —— |dt1dtz
3 5+t+n(A+B)+2:=1tk('7k+Ck)+1 s+Ht+n(A+B)+ 0, te(metex)+1
2 4 2

2

3.6)
Now, replacing the Gauss hypergeometric function by the serie %0 (see
n':
[15]), under the hypothesis, we can interchanged this serie, the (71, 1,)-integrals and
applying the definition of Beta-function, we have:

P 4 s+t .- ’ % ’ ab)? nl#
I =2a°t Z :Agﬁ."/(n)zn %%_:7 (K_:L) (2,n.w)2 /;1 /;z

n,n’'=0

2 Y I“(s+na+Zi=1 Nktk + %)F(t+"b+22=1 €kt + %)
(tx) Z'c

O (ty,t2; X H

o F(s+l+n(a+b)+Zi:l(nk+fk)tk+l)

(s4ma+ 38, tame+3) , (tHnb+ T8, tuex+3) , P (3.7)
(s+t+n(a+b)+2k 1£k(nk+zk)+l) (s+t+n(n+b)+2i=1 lk(v]k+¢k)+1) t1dty :
2

’ /

n n

['(a+n’)
['(a)

2
=204 gt W (@Y [ [ O, [ 22
e p Az (e 225, (S_‘*L) (2mw)? Ji, Ji, d)(fl’tz’X)HZk Ok (tx)

2

Applying the relations (a),, = and I'(a)(a),, =T'(a+n’) this gives
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T (s +na +Ei=1 Nkt +n' + %)I‘ (t+nb+ Zi:l extr +n' + %)

I (s +t+n(a+b)+ Zizl(nk + ex )tk + 1)

3 < s+t+n(a+b)+E§2=1 tr (e te)ti +1)

r ( s+t+n(a+b)+2,2cz=1 tr (e +er)th +l+n’>

F(s+t+n(a+b)+2%=l tr (Mg +ep+1)tg
2

) dt dty
F(s+t+n(a+b)+2%§1 tk(nk+€k)tk+1+nf (3.8)

Interpreting the equation (3.8) to incomplete Psi function of two variables,
we get the result (3.2).

Consider the gamma incomplete Psi-function of two variables, we have:

Theorem 2:

/ z*(a—z)" tn
0

14+ by/z(a—2)| ,
| e

m — )&
Zyz™M(a — ) 2

(), ' AP o - o ) azn'
W R X s i (4F)
Zyx™, (a — )2 i "
Zl A(X), A],A ). |
(& +4:V (3.9)

Pi44,Q;+3;r:Y
Zy B, B :B

In the section 4, we will see the case =1, we consider the different genera-
lizations of the Mittag-Leffler functions cited in the sections 1.

4. Special cases:

In the following, we will consider the Gamma incomplete Psi function of
two variables. We consider the generalized Mittag-Leftler function defined by [18],
this gives:
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Corollary 1:

Ziz™(a — x)%

(r')w

/ars_l(a—x)‘“ll 1+b\/ z(a — x)
o 1—by/z(a—x)

zz‘A(a - x)B)

Zox™, (a — )2

Z; | AX), A, A

oo

do= 2a°* Z A?{,k ()"

n,n’=0

(%),

[ PR

il

n'(D), 0,n1+4:V
((“b)z) ()VPTLlQ +3;rY

22 B, Bll : B
4.1)
under the conditions and notations verified by the theorem and where a., 3, v, k,z € C,
min{Re(a), Re(B), Re(y)} > 0, Re(o) > max {0, R(k) - 1}.

Taking the generalized Mittag-Leffler function defined by Shukla and Prajapati
[14], this gives:

Corollary 2:

™ gl 1+by/z(a—2z
/01: (a—z)"in [l—b —a—a,]

Z; | AX), A, A2
dz= 2a°** Z AT (n)gn (é) " ((G_ZL)"(I‘),OnH»zxv

Pi+4,Qi+3;mY

n,n'=0 (Z)n’ > ¢
Zz B, B1:%

(4.2)

under the conditions and notations verified by the theorem and o, B, v, z € C, min
{Re(B), Re(y)} > 0.

Corollary 3:

Let the generalized Mittag-Leftler function defined by Prabhakar [8], we
get:
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Zyz™ (a — x)*
/a xs—l(a_x)t-ll 1+b\/ a—x A (r)w
0 1 —by/z(a— x) (a - 2)°)

Zox™, (a — x)2
Zy | AX), A, A2

dr= 2a** Z A7 5(n)zn (3)

n,n'=0

%] (ST

3L

((a_f:ﬁ)n (F)w%ﬂ-}:ge‘i&r:)’
Zz B, B1 1)
(4.3)

under the conditions and notations verified by the theorem and z, a, 3, y € C, min
{Re(at), Re(B)} > 0.

Corollary 4:

Considering the generalized Mittag-Leffler function defined by Wiman [19,
20], we get:

TR i 14 by/z(a—x)
./0 z*~Ha—x)*tin [l—b\/_;(a———j)] Ea,p(224(a — x)B)

Ziz™M(a — x)°

(r')w

Zox™, (a — x)?

Zl A(X), Al,AIQl

(2)

dz = 2a°t Z Aq p(n)zn

n,n'=0

160 | N

I, 0,n,+4:V
((“Z)z) ()‘/P+l4Q 43y

22 BY B'l )
(4.4)

under the conditions and notations verified by the theorem and z, a, B €C, min
{Re(a), Re(B)} > 0.

Corollary 5:

Now, we consider the generalized Mittag-Leffler function defined by [6, 7],
we get:
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Zyz™ (a — x)=*

" b 1+ by/z(a—:
/0 2" a~x)"in ll—ib—z\/—%] Eu(22A(a — z)B) 7¥ :
Zox™ (0 — )%

Zl A(X), Al,A ). |

s - n' 0, 4:V
dz = 2a +t Z Aa(n)Z" %_%ni (ga_iﬁ) (r)'d)l’.ﬁl:Q,vi-S;r:Y

n,n'=0

23163 | N

Z,| B,B,:%
4.5)

under the conditions and notations verified by the theorem and z, o € C, min {Re(a)}
> 0.

Remark: We obtain the same results with the gamma incomplete Psi function of
two variables.

Now, we take the generalized R-function and the Psi-function of one variable
[9], this gives:

Corollary 6:

/“ r* Ya—z)"tn lL V- z) KReB (224(1 — 2)B)

0 1-by/z(a—z)| P
(F)tjj( Zx"(a —z)° )dz = 2a°** nmz::o ’;’Ag'ﬂ"*(n)z" %_;,,f (sz)j)"’
An(X), A, Ay
Oy iasr| 2 I (4.6)
Bl,'Bu

where

An=(3-s-n"—n4inl),(3-t-n'—nB;el), (———-—————s‘t_;(A’LB); U 1),

(l—s—t—zn(/H-B); II%; 1) (47)
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Bk e (—s—t—rzm(A-’:—B) L TL,; n;—e; 1)‘(I—s—t—2'n(A+B) ' n+e; l),

(=s—t—n(A+B);n+¢€1) (4.8)
A (X) = [(al;agl),X;/h)], A = [(aj; aj;Aj)lams [(8gi; 0545 Ajilnt 1,0 (4.9)
By = [(bj; Bj; Bj)1,m, [(bj; Bjis Bji)lm+1,, (4.10)

Remarks: We obtain the similar finite integrals with the incomplete /- function [1].

If the exponents are equals to 1, the incomplete psi function of two variables
reduces to incomplete /-function of two variables [13] and we have the same
formulas.

If r=r"=r”=1, we obtain the incomplete of /-function of two variables [5]
and we obtain the similar results.

If the two aboves conditions are satisfied at the time, we have the incomplete of
the H-function of two variables [3].

If X=0, we obtain the same integrals about the psi function of two variables,
the /-function of two variables [13], the /-function of two variables [5] and the
H-function of two variables [3].

5. Conclusion:

In this paper, we have an unified finite integral. The importance of our all the
results lies in their manifold generality. By specializing the parameters as well as
variables in the multivariable Psi-function. We can find a big number of formulas
involving remarkably wide variety of useful functions (or product of such functions)
which are expressible in terms of £, F, G, H, I functions and simpler special functions
of one and two variables. Secondly by varying the parameters and variables of the new
generalized R-function defined by Kumar and Kumar [4] involved here, we can
obtain a large number of special functions of one variable and new formulas. Thirdly,
concerning this finite integral, we can have a large number of finite integrals about
the special functions of several or one variables. Hence the results derived in this
paper are most general in character and may prove to be useful in several interesting
cases appearing in literature of Pure and Applied Mathematics and Mathematical
Physics.
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