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Abstract:
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see several corollaries and remarks.
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1. Introduction:

Recently Aleph-function of two variables has been introduced and studied
by Sharma [ 14], Kumar [7], it’s an extension of /-function of two variables defined
Sharma and Mishra [15] which is a generalization of the H-function of two
variables due to Gupta and Mittal [6]. On the other hand Prasad and Prasad [10] have
defined the modified generalized H-function of two variables. In this paper, first,
we introduce and study the generalized modified Aleph-function of two variables.
This function unify the Aleph-function of two variables and the modified of gener-
alized H-function of two variables. Later, we calculate a finite generalized integral
involving this function. At the end, we will given several special cases and remarks.

The double Mellin-Barnes integrals contour occurring in this paper will be
referred to as the generalized function of two variables throughout our present
study and will be defined and represented as follows:
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where z, and z, (real or complex) are not equal to zero and an empty product is
interpreted as unity and the quantities P;, Py, Py, Py, Q;, Q;ry Q;ry Qjrry My, mip, ms,
my, Ny, Ny, N3, N4 are non-negative integers such that

0;>0,0:>0,0/#>0,0;m>0; 1, 1, T, T >0(@G=1,..,7), (' = 1,.., "),

(l'u — yeus r;/)’ (l'ur — yes 7).

All the A's, a's, B's, B's, A"'s, B"s, a''s, B"'s, y's, 0's, E's and F's are
assumed to be positive quantities for standardization purpose ; the definition of
generalized Aleph-function of two variables given above will however, have a meaning
even if some of these quantities are zero and the numbers a;, b;, aj, b;, bj;, a; it bjr,
aji, ¢j, dj, dyyry Cjivy fis s fiirs gjiv are complex numbers. The contour L, 1s in the
s-plane and runs from -woo to +wmoo with loops, if necessary, to ensure that the
poles of T'(b; - B;s - Bit)(j = 1,...,m;), ['(b; - Bjs - Bit)(j = 1,...,m,), and I'(d}; - §;5)
(/ = L....,m3) are to the right of L, and all the poles of I'(1- a; + oys + A4;1)
(j=1,,m),L(1-¢i+7ys),(j=1,.,n3)and T'(1- aj + s + 4;1)(j = 1,...,m,) lie to
the left of L. The contour L, is in the #-plane and runs from -moo to +moo with loops,
if necessary, to ensure that the following poles of I'(b; - B;s - Bif)(j = 1,...,my),
L(b; - Bys - Bit)(j = 1,...,my) and T(f; - Fi£)(j = 1,...,my) are to the right of L, and the
poles of I'(1- a; + oys + 4;0)(j = 1,...,my), [(1- aj + oys + 4it)(j = 1,...,n;) and
[(1- ¢ + Ejt)(j = 1,...,n4) are to the left of L,. The poles of the integrand are
assumed to be simple.
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The function defined by the equation (3.1) is analytic function of z; if and z, if
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The integral defined by (1.1) is converges absolutely, 1f
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We may establish the asymptotic behavior in the following convenient form,
see B.L.J. Braaksma [5]:

N(z,,2,)=0 (|Zl|0°1, |Zr|0°2), max(|z,, |z,[)) = 0

N(z;,2,) =0 (|21, |z,P?), min(|z |, | z,]) — oo

. d; . Jj
where o, = min Re (— and o, = min Re||—-
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2. Required Integral:

In this section, we give a generalized multiple finite integrals. In the follow-
ing, we use the formula about the generalized Gamma-function.

Lemma 1: see Prudnikov etal. ([11], Ch 3.3.5, 6 page 594).
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Provided that : s, a;, v, u, >0 (k= 1,..., n).
3. Main Integral:
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Provided that :

The following numbers have the conditions : p, 0, s U, € ¢ i (k=1,..,n),
u,v, w>0, <1 where

0] d. :
L g, min Re [—]J +(, min Re (£]< 1
UL, 1<j<m3 F;

(k=1,...,n),|arg z,| <% Uy, |arg z, | <% U,n

and U, are defined respectively by the equations (1.7) and (1.8).
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" oo T
n n +
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=1 M k=1

To prove the theorem, expressing the modified of generalized Aleph-function
of two variables in double Mellin-Barnes contour integral with the help of (1.4)
and interchange the order of integrations which is justifiable due to absolute
convergence of the integral involved in the process. Collecting the power of the x,
(k=1,..., n), this gives /
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Applying the lemma, this gives :

1 s
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Interpreting the Generalized Gamma-function I, then the above formula with
the help of the definition of the modified generalized Aleph-function of two vari-
ables, we have the desired equation (3.1).

4. Special Cases:

Let t;, 1;,, T;1, T;» — 1, the modified generalized Aleph-function of two
variables reduces to modified generalized /-function of two variables, this gives

Corollary 1:
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(Cj,'Yj)l’n3, [(CJZ‘I/,le‘I/)]n3+1;PiI/ ; (ej,EjI‘)l’n4’ [(ejil/',Ejl‘i”')]n4+1;Pi'I,
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under the same notations and conditions the theorem with t,, t;/, T;n, T, —> 1.

re—

We consider the above corollary 1 and we suppose r=r"=r"=+r""=1, we
obtain the modified generalized H-function defined by Prasad and Prasad [10] and
the below multiple integrals.

Corollary 2:
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with the same notations and conditions that corollary 1 with r =" =r
r''=1.
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Taking (Otj)1,P1 = (Aj)l,pl = (a})l,pzz (A})Lpzz (Yj)l,p3 = (Ej)Lpéf (Bj)l,Ql
= (Bj)l,q1 = (B})I,Qz =1= (B})I,Qz = (Sj)l,Q3 = (Fj)l,Q4’ the modified generalized
H-function of two variables is replaced by the modified generalized Meijer
G-function of two variables we have (v=w=¢,=C,=1;k=1,...,n) and

Corollary 3:
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under the conditions verified by the corollary 2 and the conditions mentioned at
the beginning of the corollary 3 where

v, g+ v g + nov nog+C, )
AHZ{I-—I;—1 CIJ,---,[I-—”; " ,[l-u+2 SR o i a]
By Hp o By =1 Mk =1 My

B=T(1-u,v,w) (4.4)

=W =1;k=1,.,n)and |argz,| <= U,m, |argz,| <=V m, U, and V', are
== Lk=1 dlargzy| <5 U, A <3 Vim Uy and ¥,
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and
1
Vi=Imytntmytnytmytng-(py T4 v P2ty v pstaq)] (4.6

Let my=n,=P; = 0, =0, the modified generalized Aleph-function of two
variables reduces to generalized Aleph-function of two variables, this gives :

Corollary 4:
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Provided the conditions verified by the theorem with m,=n,=P; = 0,,=0.
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Lett,, 1, T,,,— 1, the generalized Aleph-function of two variables reduces

IEEN e |

to generalized /-function of two variables, this gives :

Corollary 5:
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(f':F})l,m4’ [(J;'i"’:Fji’”)]m4+1;Qi'”

under the same notations and conditions that corollary 4 where 1;, 1/, T;, T, —> 1.
We have the generalized H-function of two variables and the following result :

Corollary 6:
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n
I1 x,fk
Z, k=1 — | dxydx,
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with the same notations and conditions that corollary 2 with m,=n,=p, =
q,=0.

Now, we have the generalized G-function and the formula :

Corollary 7:

n
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[T 0,03 @, (g,

under the conditions verified by the corollary 2 and the conditions men-
tioned at the beginning of the corollary 3 and :

1
U1=[m1+”1+m3+”3'5(191+‘]1+193+‘]3)] (4.11)
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and

1
Vl:[m1+”1+m4+”4'§(191+41+P4+Q4)] (4.12)

Concerning the following corollaries, we take m; = 1, and we obtain the
Aleph-function defined by Sharma [14] and Kumar [7] :

Corollary 8:
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. (4.13)
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under the conditions of the corollary 4 and m, = 0.

Taking t,, T, T;» — 1, the Aleph-function cited in the corollary 8 becomes
the /-function of two variables defined by Sharma and Mishra [15] and we have :
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Corollary 9:
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U E s Ui Sjgores Ejgre My g1 05

Provided the notations and conditions verified by the above corollary with

Ty Tony Tin—> 1.

l’l’l

Now, we consider the situation where »=r"" =#""" =0, the I-function of two
variables reduces to H-function of two variables defined by Gupta and Mittal [6]

and we obtain :

Corollary 10:
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[1+ (@) "+ +(a,x)™" [1+ (@) + -+ (a,x)™]



The Mathematics Education [Vol. LIX (2), June 25] 47

Hn Ck
X
=1k
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z, Il a b.:B..B. B:
= ;3P J)I’Ql’

(cjay]')lp ;(e':E')l
P32 NPy n )
: I1 u;{l a VkHk (4.15)

N k=1
(djasj)],Q3 s (f]‘: F})I’Q4

with the same notations and conditions the corollary 9 with r=7"=r"""=0.

Letm, =0; (O‘j)l,plz (Aj)l,plz (Yj)l,p3 = (Ej)l,p4 - (Bj)l,le (Bj)l,qlz 1=
(8].)1 05~ (Fj)1 o the H-function of two variables is replaced by the Meijer G-
function of two variables defined by Agarwal [1]. We obtain :

Corollary 11:

n
H xl)k-l
k n -
I T u1k:l ——, Gz, 2) dxyedx, = 11 up a Pk
[1+ @)+ +(a,x )™ k=1

n
-S Mk (A . .
21 kl;ll a An’(aj)l,Pl‘(aj)l,Pz' (Cj)15p3a(ej)1,p4
0,n1+n+1:m3,n3;m4,n4 . . . .

Gpint1,0+1:P 0 P07 | : - :
% [T g BB g, )1 g, (i

(4.16)

under the conditions verified by the corollary 7 and the conditions mentioned at the
beginning of the corollary 8.
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1
Ul:[nl+m3+”3‘§(P1+Q1+P3+Q3)] (4.17)
and
1
Vlz[m+m4+”4'§(P1+Q1+P4+Q4)] (4.18)
Remarks:

We have the same generalized multiple integrals with the modified genera-
lized of /-function of two variables defined by Singh and Kumar [16], generalizing
the /-function of two variables defined by Kumari et al. [8] and the /-function
defined by Saxena [13], the /-function defined by Rathie [ 12], the Fox’s H-function.
We have the same generalized multiple finite integrals with the incomplete aleph-
function defined by Bansal et al. [3], the incomplete /-function studied by Bansal
and Kumar [2] and the incomplete Fox’s H-function given by Bansal et al. [4],
the Psi function studied by Pragathi et al. [9].

5. Conclusion:

The importance of our all the results lies in their manifold generality. First
by specializing the various parameters as well as variable of the generalized
modified Aleph-function of two variables, we obtain a large number of results
involving remarkably wide variety of useful special functions (or product of such
special functions) which are expressible in terms of the Aleph-function of two or
one variables, the /-function of two variables or one variable defined by Sharma and
Mishra [15], the H-function of two or one variables, Meijer’s G-function of two or
one variables and hypergeometric function of two or one variables. Secondly, by
specializing the parameters of this unified multiple integrals, we can get a large
number of multiple, double or single integrals involving the modified generalized
aleph-functions of two variables and the others functions seen in this document.
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