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1. Introduction:

Recently Aleph-function of two variables has been introduced and studied
by Sharma [ 14], Kumar [7], it’s an extension of /-function of two variables defined
Sharma and Mishra [15] which is a generalization of the H-function of two
variables due to Gupta and Mittal [6]. On the other hand Prasad and Prasad [10] have
defined the modified generalized H-function of two variables. In this paper, first,
we introduce and study the generalized modified Aleph-function of two
variables. This function unify the Aleph-function of two variables and the modified
of generalized H-function of two variables. Later, we calculate a finite generalized
integral involving this function. At the end, we will given several special cases and
remarks.

The double Mellin-Barnes integrals contour occurring in this paper will be
referred to as the modified generalized function of two variables throughout our
present study and will be defined and represented as follows :
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where z, and z, (real or complex) are not equal to zero and an empty product
is interpreted as unity and the quantities P;, P, Py, Py, Q;, Oy, Q;ry Qpry iy, My, ms,
my, Ny, Ny, N3, N4 are non-negative integers such that

Ql> O, Ql’> O, Ql'”> O, Qi’”> O; Tl’ Ti/, Tl-r/, Tl-r/r> O (i: 1, cesey 7"), (i’:l, ceeey 7",),
@ =1, ), (=1, e 7).

All the 4's, a's, B's, B's, A"s, B"s, a's, B"s, y's, 0's, E's and F's are
assumed to be positive quantities for standardization purpose; the definition of
generalized Aleph-function of two variables given above will however, have a meaning
even if some of these quantities are zero and the numbers a;, b;, a';, b';, b';, a'jir, by,
ajp, ¢jy d;, dijry Cjivy fiy &is s &iv are complex numbers. The contour L is in the
s-plane and runs from -moo to +moo with loops, if necessary, to ensure that the
poles of I'(b; - B;s - B;t)(j = 1,...,m;), [(b';- Bs - B;1)(j = 1,...,m;), and T'(d; - §;5)
(j = L,...,m3) are to the right of L, and all the poles of I'(1- a; + a;s + 4;1)
(j=1,..,n),L(1-¢c;+vys), (j=1,.,n3)and [(1-a;+ a'js + A;0)(j = 1,...,my) lie
to the left of L,. The contour L, is in the #-plane and runs from -@oo to +woo with
loops, if necessary, to ensure that following poles of right of I'(b; - B;s - B;?)
(j=1,,m), T(b';- Bjs - B;1)(j = 1,...,mp) and ['(f; - F;t) (j = 1,...,my) are to the
right of L, and the poles of ['(1- a; + ois + 4;6)(j = 1,...,n1), T'(1-a’; + o';s + 4';1)
(j=1,..,np)and I'(1- ¢; + E;1)(j = 1,..., ny) are to the left of L, lie to the left of L,.
The poles of the integrand are assumed to be simple.
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The function defined by the equation (3.1) 1s analytic function of z; if and z; if

PO P Py O
U= 2a;-2B;+ Z Oy - Z [3 + 2 Y 28,»<0 (1.5)
J=1 J=1 J=1 J= J=1 j=1
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U,= ZA ZBl ZA, ZBI YE..- 2 F,.<0 (1.6)
J=1 Jljjljjlj e =

The integral defined by (1.1) is converges absolutely, 1f

by
U,= Za+2a+ZB+ZB+Zy+26 maxr[ > ot Z B.J
J=1 J=1 j=1 Jj= 1 j=1 I<i<r j=ni+l Jt j=mi+l 1)
s Y
-max T [ Z ot Z B ]- max T, | X &..+ Z y,J>O (1.7)
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Py
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1<i'<” J:n2+1 ] ] m2+1 l<l'”<}"” l J n4+1 4+1 Jl
T T
where |arg z,| < > U;and |arg z,| < > U,.

We may establish the asymptotic behavior in the following convenient form,
see B.L.J. Braaksma [5]:

R(z,2,) = 0(|2,[*, |2,/%2), max(|z,], |z,]) = O
X(z,2,) = 0(z, P, |2,/P2), min(|z,, |z,]) = oo

4 . J;
where oo, = min Re and o, = min Re||—=||;
1 1S 5, 2 1gj<ma F,

¢;-1 e;-1
B,= max Re and B, = max Re|| ———
1<j<n3 Y 1<j<n4 E
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2. Required Integral:

In this section, we give an unified multiple finite integrals. In the following,
we will use the expression of the generalized Gamma-function.

Lemma: See Prudnikov etal. ([11], Ch. 3.3.3, 5 page 589).

n Ul Ul’l
H xl)k-l o I-M
= b L
Ix >0 Jx >0 dx;--dx,=T . [T oy (2.1)
1= n= (l-xal-----xan)u noy ol
xa1+...+xa‘ngl 1 n 1_M+z _k

provided o, p, (k= 1,..,n) >0, u<1.

Now, we study an unified multiple finite integrals involving the modified
generalized Aleph-function of two variables.

3. Main results:

Theorem:
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Provided that:

W, O, By, Vg, & (K= 1,.,m) >0, n <1,

... Yk . dj .
with ——+ min ¢, Re|—~|+ min p, Re
oL 1<j<m3 6] 1<j<mg

TN

]<1

wherei=1,...,r;j=1,...,n

respectively by the equations (1.7) and (1.8).

A= D BT S BTy 3.2)
n al, al M 2 an, an .

B =|u-Y £;y 2k "k 3.3
! [M =10 k= O 3-3)

To prove the theorem, expressing the modified generalized Aleph-function
of two variables in two Mellin-Barnes contour integral with the help of (1.4) and
interchange the order of integrations which is justifiable due to absolute conver-
gence of the integral involved in the process. Collecting the power of the
x, (k=1,..., n), this gives /

n
[T x,?k'l . .
I= -[xIZO IanO kzll O L N {21 kl:Il x/fk, szl:ll xltlk] dxl"'dxn
(gt gng (o)
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= |

- jxlzo anZO
Xt x0<]

(1-x]TexP M 2nw)’
n
Ip, 11, (5, 08,()0(0) 7 23 El XK g dit dix--dx, (3.4)

We have the following relation:

I- (21—@2 Iy 1, 865, 081()8,(0) 7{ 23
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Wit yongy (o3

Applying the lemma, this gives:

1= H Ock Y= ILI ILZ d(s,2)0,(5)0,(?) ZIZZ

=1 (
L FE STyt v, te st t 1
o 9eees o > 1=
r . dsdt (3.6)
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k=1 %k i

Interpreting the generalized Gamma-function I', then the above formula with
the help of the definition of the modified generalized Aleph-function of two vari-
ables, we have the desired equation (3.1).

4. Special Cases:

Let 7, 11, T;u, T;,»» = 1, the generalized modified Aleph-function of two

o Y M Y

variables reduces to generalized modified /-function of two variables, this gives

Corollary 1:
kl:ll xUk- noon W{W noo
fx1>o Ixn>o o 1 [Zlkljlxk ,szl:[ Xp, )dxl---dxn= [To; T'(1-w
a1+ +x0cn<1 (1- x ----xn ) = =1 k=1
z
ml,n1+n;m2,n2:m3,n3;m4,n4 ‘1 Ana ( ]’ jaA )] Nk

Pn,Q 1,1 P, Qs s Piny Qs 7'y P, Qs 1"

"

Zz (bjaﬁa j)1,m1’
[( jl’ jl’A]l)]n1+1 Pl ( o A")]n [( ]l B ]l 9A )]nz-l-l,Pl":
[Byi3 Bjis By 1, Q B (0B}, B))1,, oy L5 Bjirs Bidl o1 0y
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(Cjayj‘)],n?’a [(cjl‘"9'in")]n3+1,Pi” 7 (ejaE})l’n4a [(ejl"”aEvjl"”)]n4+1,Pl-'”

: : (4.1)
(djagj)l,m3a [(dji”:sjl'”)]m3+1,Ql-” ;(f]"’F})l,méf [(f]"l';”’F}l'”')]m4+1,Ql"”

under the same notations and conditions verified by the theorem with t;, 7;/,
Timy Ty —> L.

We consider the above corollary 1 and we suppose r=r'=r"=r"""=1, we
obtain the modified generalized H-function defined by Prasad and Prasad [10] and
the following integral.

Corollary 2:
n
IT x; =

n n n
=1 &k Mk — -1
lezo“' Ixnzo q j;l an)uH{zlk];lek ,sz];llxk }dxl---dxn —kl;llock r'(1-w
x e x 3 <] AT

1 n

| X,

z . cln e~ A .
My, ny+Hn;my, ny My, Ny Mg, Ny ! Ay (aj’_aj’Aj)lapl’ (aj’(%j’Aj)l,Pz'

P+n,Q+1:P,Q":P",Q":P",Q" . : S )
Z (bj;B‘aBj)]’Qla Bl;(bj;B‘aBj)l’Qz'

(cj:.’Yj)l,P3; (ej').E‘j)I,P4

: : (4.2)
(dj,Sj)l’Q3; (];:F})1,Q4

with the same notations and conditions the corollary 1 with r=r" =p""=p"" = 1.

Taking (ay)y p) =)y py = ()1 py =1 py = )1, Py = (ED1 = Bp1, 0

= (Bj)l,ql = (B})15Q2= 1= (B})I,sz (Sj)l,Q3 = (Fj)l,Q4’ the modified generalized
H-function of two variables is replaced by the generalized modified of Meijer
G-function of two variables generalizing the function defined by Agarwal [1], we
have the below integrals.
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Corollary 3:

H XUk_ n n n
k=1 ek Wi _ -1
.f 1>() Ixn>0 o Wt [ZIka ,Zzl—IXk ]dxldxn—nak F(l—u)
Wit yongy (7 = e k=1
z ' . ' . .
my,nytn;my,ny ms,ny;my,ny . 1 An’ (aj)l,Pl (aj)l,Pz : (cj)l,P3’ (ej)l,P4
Gpin,o+1:P.0P .0 P70 : : : 4.3)

2y (bj)l,.Ql’ Bi (b]")l,Qz: (d]")l,Q3 ’ (6)19Q4

under the conditions verified by the corollary 2 and the conditions mentioned at
the beginning of the corollary 3 where

" Uy . 81+M1 Yy . 8n—i_!’ln
An—{l—a—l, @ ] [1-@, @ J (4.4)
' LV &gty

! [u =1 %% =1 % >

and |arg z, | < = 3 Uln larg z, | < = Vln U, and V| are defined by the following
formulas :

1
U1:[m1+”1+m2+”2+m3+”3'§(171+Q1+P2+42+P3+613)] (4.6)
and
1
V1=[m1+n1+m2+n2+m4+n4—§(p1+q1+p2+q2+p4+q4)] 4.7)

Let m,=n,=P,= Q; =0, the modified generalized Aleph-function of two
variables reduces to generahzed Aleph-function of two variables, this gives:

Corollary 4:
quk !
Jezo 1 ol N dxy-dx =1 o'
x120 7" Ix, >0 Nz, ka Zy ka Xp---dx, H o, I'(1-p)
1 n= (1 xal ...-xa”)” U =l =1
0Ll-i- +xa"<]
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z
my,ny+n:ms,ny;my,ny 1 A, (a J, ]aA )1 np’
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(],E )1 n T H!(e H!,E IH) 4+1,Pi”'

(4.8)
(f]": F})1,m49 [Tj”'(ﬁi”'aF ’”)]m4+1 Q "
Under the conditions verified by the theorem and m, =n,=P; = Q;,=0
Let 1, 1,1, T,m» —>1, the generalized Aleph-function of two variables reduces

to generalized /-function of two variables, this gives:

Corollary 5:

Hx
k=1

(1- xo‘l ...-xo‘")“ {

n n n
lezo jxnzo z; I1 x,fk, z, [1 x,?k} dxy--dx, =1 0(,}11“(1- L)
k=1 k=1 k=1

x e x*1<]
1 n
z
my,ny+tnims,ny;nig,ny R An’ (a A )1 8K [(a Ajis ji’Aji)]n1+1,Pl' :

Pi+n,Ql~+1;F:Pl'rr,Ql'H;r”:Piur,Ql'ur;r”’ . H
| BB 1033 BB 1 0 B

(c],y])l’n3, (]l”’yjl”)]}’[3+1 P H,(e E)l n4 [(e H!,E rN)]n4+1,Pi/H

(djasj)],m?’a [(djl'”asjl‘”)]m3+1,Qi” ’ (];taF})]’m“a [(];l‘”'aF;‘l"”)]m4+1,Qi'”

(4.9)

under the same notations and conditions that corollary 4 where t;, T, T, —> 1.

l’l’l

Consider the generalized H-function of two variables, we get:
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Corollary 6:

n
[1 x,?k'l )
n n
k=1 ek " - y
.[JC]ZO .[XnZO o] o, HH {Z] ka 922 ka }dxldxn _kl:ll a‘k 1—*(1_ H)
x(x1+___+x(xn<1 1 xl e X ) =1 =1 L

z . . .
My, A TRims,ny;my,ny . 1 An’ (aj’o.cj’ Aj)l,Pl‘ (Cj’ _yj)l,P3’ (ej’ Ej)l,P4

Hpiy g+1:p7,0":Pm,0" | : . : (4.10)
20| BBy B @180, (U Fy o,

with the same notations and conditions the corollary 2 with m, =n, =p, =g, =0.

Now, we have the generalized G-function and:

Corollary 7:
n
IT x k!
n
k=1 - p
.[XIZO IXnZO ] oy L G(Zl’ Zz)dxldxn — kl:llak r(l _ M)
x?1+...+x}?n£1 1-x1 —em X, )
z ' o, . .
my,ny+n:ms,ny;my,ny ! A (aj)l,P1‘ (aj)l,Pz : (Cj)l,P3a (ej)l,P4

P+n,Q+1:P",Q":P", Q" (4.11)

2| )i Bl Bg,: @) g, (g,

under the conditions verified by the corollary 2 and the conditions mentioned at
the beginning of the corollary 3 where

r_ U1 .81+M1 Un .8n+“n\
An—[l-a—l, z J [1-@, T J (4.12)
B =|p-Y K, > 2k Tk 4.13
! {M =10 = Oy (4-13)

and |arg z, | < % Un, |arg z, | < % Vim, U, and V, are defined by the following
formulas:
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1
Ul:[ml+”1+m3+”3'§(P1+Q1+P3+Q3)] (4.14)
and

1
Vl:[ml+”1+m4+”4'§(P1+Q1+P4+614)] (4.15)

Concerning the following corollaries, we take m; = 0, and we obtain the
Aleph-function defined by Sharma [14] and Kumar [7]:

Corollary 8:
H Xy
Ix1>0 fxn>o k;ll — {Zlﬂxk 22ka ]dxl -dx —H(xklr(l L)
cx1+ +xan<1 (I-x; --x,") k=1

0,n+n:m3,n3;my,ny 1

z :
A, (aj,ocj,Aj)l’nl,
N;) . .I) . //.}) . e .
l+n,Ql+1,Tl,r. l'//,Q'// ’C'// r . l'///’Ql'///,’cl'///’r

Zy [T ( jl’Bji’Bji)l,Ql']’ B] :

[Tl(a i1 ]l’ )]n1—|—1,Pl ( D'Y])l n3 [,E ”(c_]l”’yjl”)]n3+1 P " )( ]9 _])1 n4

( 6])1 m Py T H( ]1”36]1”)]”13+17Qi” ) (f]’ ])1’m4)

ol B P ey (4.16)

[Tim (ﬁirrv, jl-m) m4+1;Ql‘W

Under the conditions verified by the fundamental theorem where m, =m, =

Taking t;, T;, T;,» — 1, the Aleph-function cited above becomes the /- function of

l’l’l

two variables defined by Sharma and Mishra [15] and we have the below relation:

Corollary 9:
H x;
Ix1>0 Ixn>o k;ll T~ [zll_[xk Zzﬂxk}dxl -dx —l_[ocklr(l )
xO e X< (I-x; --x,") k=1 k=1
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z
0,n1+n:m3,n3;my,ny . 1 An’( A )1 nl [(a jl’ jl’A]l)]n1+1 P;:
IPl-+n,Ql-+1;r:Pl-,,,Ql-”;r”:Pl-m,Ql-m;r”’ .
2y [(bji, Bjia ji)]l,Qi, B
(c.,’Yj)l n3, ( ]l””Y]l”)]n3+1 P " ’( E )1 n4 (e !N’E !N)]n4+1 PZNI (4 17)
(d] 6])1 m3 ( ]l”’Sjl”) m3+1,Qi” ,(f‘]"’F})l,m4’ [(f]ji/!/’F}i!!!)]m4+1,Qi/!!
under the same notations and conditions that corollary 8 where t;, T;1, T,m —> 1.

Now, we consider the situation where »=r"" =7'"" =0, the /- function of two
variables reduces to H-function of two variables defined by Gupta and Mittal [6]
and we obtain:

Corollary 10:

H xUk 1 " " n
[ooo-] k_l [z [x* 2 Hx“k]dx edx =Hoc'1F(1- )
x120 """ x>0 it 1 k222 L1 Xp 1 n k [
(11+ +xan<1 (1 x =X, ) k=1 =1 k=1
0,n+n:m3,ny;my,ny _Zl Ap (aj;aj’ Aj)l,P1: (cj’ yj)LP3; (e, E]')LP4
Hpip,0+1:P7,07:Pm, 07| : (4.18)

Zy (b Bja ])1 oy’ 15 (d]: Sj)l,Q3 5 (]39 Fj)l,Q4
with the same notations and conditions the corollary 9 with r=r""=r""" = 0.

Let m,= 0; (aj)l,Pl = (Aj)l,Pl = (Yj)l,P3 = (Ej)l,P4 = (Bj)l,le (Bj)l’(h: 1
(8].)1 0 (Fj)1 or the H-function of two variables is replaced by the Meijer G-
function of two variables defined by Agarwal [1]. Then

Corollary 11:
1 xpk! \
J g =1 G(z, z,)dx-dx, = [] ;' T(1-p)
%120 """ x>0 al it 1> 22)axy n k K
a1+ +x°‘"<1( x, eeex) ) k=1
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0,n1+tn:my,ny;my,ny _Zl A, (aj)l,PI: (Cj)l,P3; (ej)l,P4

Ptn,Q+1:P",Q": P, 0" | . P : (4.19)
Z, (bj)LQl’ B13 (dj)l,Q3 5 (J?')LQ4

under the conditions verified by the corollary 7 and the conditions mentioned at
the beginning of the corollary 8 and :

1
U1:[W1+m3+”3'5(191+% +p3tq;)] (4.20)
and
1
Vl:[nl+m4+”4‘§(p1+Q1+P4+Q4)] (4.21)
Remarks:

We have the same generalized finite multiple integrals with the modified
generalized of /-function of two variables defined by Singh and Kumar [ 16] general-
izing the /-function of two variables studied by Kumari et al. [8] and the /- function
defined by Saxena [ 13], the /- function defined by Rathie [ 12], the Fox’s H-function,
we have the same generalized multiple finite integrals with the incomplete aleph-
function defined by Bansal et al. [3], the incomplete /-function studied by Bansal and
Kumar [2] and the incomplete Fox’s H-function given by Bansal et al. [4], the Psi
function defined by Pragathi et al. [9].

5. Conclusion:

The importance of our all the results lies in their manifold generality. First
by specializing the various parameters as well as variable of the generalized modi-
fied Aleph-function of two variables, we obtain a large number of results involving
remarkably wide variety of useful special functions (or product of such special
functions) which are expressible in terms of the Aleph-function of two or one
variables, the /-function of two variables or one variable defined by Sharma and
Mishra [15], the H-function of two or one variables, Meijer’s G-function of two
or one variables and hypergeometric function of two or one variables. Secondly, by
specializing the parameters of this unified multiple integrals, we can get a large
number of multiple, double or single integrals involving the modified generalized
aleph-functions of two variables and the others functions seen in this document.
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