The Mathematics Education ISSN 0047-6269
Volume - LV, No. 3, September 2021

Refereed and Peer-Reviewed Quarterly Journal

Journal website : www.internationaljournalsiwan.com

Analysis on the Fourier series for the

Complex Exponential
by Deepak Kumar, Research Scholar,
Department of Physics,
B.N. Mandal University, Madhepura - 852113, India
E-mail : dkchandil965@gmail.com
&
Bipin Kumar Singh, Associate Professor & H.O.D.,
Department of Physics,
ML.T College, Saharsa - 852201, India
(A constituent unit of B.N.M.U, Madhepura)

Abstract :

Fourier series is an infinite sum of trigonometric functions that can be
used to model real-valued, periodic function. The know objective in this paper,
is to study on the Fourier series of the complex exponentials. The important
properties of Fourier series are described and proved, and their relevance is
explained. '

Introduction :

Fourier series are of great importance in both theoretical and applied math-
ematics. For orthonormal families of complex-valued functions {¢,}, Fourier
series are sums of the ¢,, that can approximate periodic complex-valued functions
with arbitrary precision. There are many possible methods [1-5] of estimating
complex-valued functions. The complex exponentials are relatively simple to dead

[29]
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with and ubiquitous in physical phenomena. We shall give a description of general
Fourier Functions. We shall give a description of General Fourier functions. We
start with the notion of orthogonal systems of functions. Let {0, 05, ¢5...} be a
series of complex functions. We say that {¢,,} is an orthogonal system of functions
on [a, b] if, for all integers m, m # n,

Tz 0,()8,(0)x = 0 (1)

As a further note, if for all integers m > 0,

J2 060l = 1

We say that {¢,,} is an orthonormal system of functions. We know already
seen that the functions e, n=1, 2, 3.... form an orthogonal system of functions on
[-7, ], since e"¢"™ = ¢"™ and for m # n, IT:E e - g = (). We now define the Fourier
coefficients with respect {¢,(x)} as follows:

e =11 f)B,(x) @)

Where 0,(x) is the complex conjugate of the complex-valued function d(x).
In terms of generalized Fourier series, define the Fourier series of with respect to

10,(x)} to be

S c,0,() 3)

n=1

To see how our definition for the Fourier series with respect to trigonometric
function matches this pattern, let

19,(¥)} = {01(x), 05(x), §3(x), 94(x)}
= {el, oiv), g2ix o(2iX)}
and let o(x) = e, ¢(x) = eim),
Some Properties of Fourier Series :

Theorem 1 in Rudin : Suppose that {¢,} is an orthonormal system of
function on the interval [-w, 7t]. Suppose that we have two sets of complex numbers,
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c,andd,,n=0,1,2,3..... and d,, are the Fourier Coefficients for {0, }, as defined
in equation (2). Now, consider two series of functions,

sy(f5x) = ngl Cuin} 4)
Which is the N partial sum of the Fourier series for £, and

W0 = X 06, )
Then,

Jo| -5, 0P de <[y | f- 1,0 0) P ©)

This theorem indicates that, for some periodic function fand some orthonor-
mal system of function {¢,,}, the Fourier series provides the least total squared-error
approximation.

Proof : Let {9,(x)} be orthonormal on the interval [a, 5]. Consider
b .- b s
ja ftn=-[a szdnq)n
by the definition of #,. We can also write the above as:
b — by e
Ja f 214,8,= %1, /4,9,

: b " ; i
Since, | o J0,= c,, we can once again rewrite the above expression as:

b _ =
Jo FR=Z1 04, (7)
Now, consider the integral from a of |z, . Since
t,2=1t,F,
and

t,=21d,0,
By =21 Glb
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We have,
b b -
ot =1z 21,0, ) didy
Which we many rewrite as:
b B i =
-[a Irn I:Z = 2? qu)m ja Zl qu)k (8)

Since {¢,} is an orthonormal system of function on [a, 4], according to
equation (1), we can again rewrite as,

b 0o
Ia |I”i2 . zl dmdm
Which we can again rewrite as,
b
e [5P=E] | )* Q)

; b
Now, consider the total squared error between fand ¢, Ia | f-t, 2. We first
rewrite it as:

Jo 1 f-t2 =15 (F-t )T 1)

Furthermore, we know that

(f'rrz):f';m

so that
Jo 1 f-t,P = o (f- )75
= Lo iy Tt + 1,E)
= Ja (- 11, Ft,+ £2) (10)

By equations (7) and (9) above, we can write:

o 1~ ta2 = o (1D - S Cndy) - 20 Gty + Z (i)
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Since
|y - Cpl* = (@, - €)@, - E)
= |dy P +1enl® - (Cndy) < @rnty)
We can rewrite the above equation as:
a2 =1 (D S ey + Sy -cl? (1)

From this above equation, we can see that the total error squared is mini-
mized whend,, =c,,, form=1,2,3....

Theorem 8.12 in Rudin[1] : Assume all the notation used in the description of
Theorem 8.11. Consider the sequence of terms {c,} = ¢, ¢,, c5...The series 1, 3
(¢,,) converges absolutely (in other words, the series ZT |c,,| converges).

1215,2 @ =3, (12)

The above step will not be necessary, but it is interesting to point out that the
integral of the absolute value of any »'™ Fourier trigonometric polynomial will be

less than the integralbof the absolute value of the function /. Now consider (11),
since we know that | 2| F-1,17>0, it follows that

n b
X1 leml? < | f00)Pax (13)
If we let n go to infinity, we see that:
oo b
Y1 le el (A6 (14)

From our study of convergent series, this also implies that

Jim ¢,=0
This result is fairly important because it shows us that it is the first terms of
a Fourier series that are most important, and that the Fourier coefficients become
arbitrarily small. In terms of simulations, this implies that a few terms may provide
a very good model of a function.
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Conclusion :

With these new techniques, Fourier series and Transforms have become an
integral part of the toolboxes of mathematicians and scientists. Today, it is used for
applications as diverse as file compression (such as the JPEG image format),
signal processing in communications and astronomy, acoustics, optics, and

cryptography.
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