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Abstract:

In this paper, we search for non-negative integer solutions to the exponen-
tial Diophantine equations. We discussed theorems for their integer solutions.
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Introduction:

Mathematicians look for and use examples to figure out new conjectures;
they settle reality or duplicity of conjectures by numerical verification. Numbers
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are however unbounded as human arrangement seems to be confined, so number
hypothesis and its particular subfields will keep energizing the personalities of
mathematicians for a very extensive time frame [ 1-3]. An outstanding Diophantine
equation is an equation where the types are integers. Various Diophantine equa-
tions are solved by Catalan conjecture [4-7].

In [8], solution of exponential Diophantine equation involving Jarasandha
numbers is acquired utilizing Catalan conjecture. In this correspondence, we look
for non-negative integer solutions to a special exponential Diophantine equation
utilizing Catalan conjecture.

Catalan’s Conjecture:

The Diophantine equation a*+ b” = 1 has unique integer solution with min
{a, b,x,y}>1. The solution (a, b, x, ) is (3, 2, 2, 3). This was proved by Mihailescu
in 2004.

Method of Analysis:
Section - A
The exponential Diophantine equation under consideration is
¥+ 3V =22 (1)

Theorem 1: (0,1, 2) is the solution of the Exponential Diophantine equations
1¥+ 37 =22, where x, y & z are non-negative integers.

Proof: Suppose x = 0, then 1¥ + 3" = z2 becomes z% - 1 =3’
Letz-1=3", (2)
where 1, are non-negative integers.
Thenz+1=3"" 3)
Using (2) & (3), we get 37 2“1-1=2

= y=1Lu =0
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Ifx=0theny=1,sothatz=2
Hence (0, 1, 2) is the solution of 1* + 37 = z?
Theorem 2: The exponential Diophantine equation has no solution.
Proof: Suppose y =0 & write 1* + 3" =22 as 1"+ 1 =22
Letz-1=1", 4)
where u, is a non-negative integer.

Utilizing the same method in case 1, we get ;= 0 & 1*= 3. Which is also
impossible for positive values of x, so that y #0.

The exponential Diophantine equation has no solution.

Theorem 3: (1, 1, 2) is the solution of the Exponential Diophantine equation
1¥+ 37 =22, where x, y & z are non-negative integers.

Proof: Suppose x > 1, rewrite (1) as 3V =z - 1¥z+ 1*
Letz-1¥=3"1, (%)
where u, is the non-negative integer.
Thenz+1"=3"" (6)
Using (5) & (6), z+ 17 -z + 1¥=3""1_3"
= u; =0
then 2*=3"-1.
Ifx=1theny=1.
So that, z=2
Hence (1, 1, 5) is the solution 1% + 3¥ =22,

Then, in general, (0, 1, 2) & (1, 1, 5) are the solutions of the Exponential
Diophantine equation 1¥ + 3¥ =22,
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Section - B
The exponential Diophantine equation under consideration is
45+ 3V =72

Theorem 4: (0, 1, 2) is the solution of the Exponential Diophantine equation
4%+ 3Y =22, where x, y & z are negative integers.

Proof: Consider the equation
4+ 37 =72 (7)
Suppose x = 0, then 1¥ + 3” = z2 becomes z> - | =3
Letz-1=3"2, (8)
where u are non-negative integers.
Thenz+1=3""2 )
Using (2) & (3), we get 3*2-1=2
= y=1Lu,=0
Ifx=0theny=1,sothatz=2.
Hence (0, 1, 2) is the solution of 4* + 3¥ =22
Theorem 5: The exponential Diophantine equations has no solution.
Proof: Suppose y = 0 and write (7) as 4+ 1 =22
Letz-1=1", (10)
where u, is a non-negative integer.

Utilizing the same method in case 1, we get u, = 0 and 4= 3 which is also
impossible for positive values of x, so that y # 0.

Theorem 6: (1, 1, 2) is the solution of the Exponential Diophantine equation
1+ 3¥ =22, where x, y & z are non-negative integers.
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Proof: Suppose x > 1, rewrite (7) as 3V =z -2¥z+2*
Let z-2%=3"2, (11)
where u, is the non-negative integer.
Thenz +2"=3""2 (12)
Using (11) & (12),z +2 -z +2*=3"2_3"
= uy,=0
then 2.2"=3"-1
Ifx=2theny=2.
Sothat, z=>5.
Hence (2, 2, 5) is the solution of 4* + 3 =22,

Then, in general, (0, 1, 2) & (2, 2, 5) are the solutions of the Exponential
Diophantine equation 4* + 3¥ =22,

Section - C
The exponential Diophantine equation under consideration is
9+ 3V =72

Theorem 7: (0, 1, 2) is the solutions of the Exponential Diophantine equation
9% + 3” = z2 where x, y & z are negative integers.

Proof: Consider the equation
9 +3V=22 (13)
Suppose x =0, then 1* + 3” = z2 becomes Z> - 1 = 3”
Letz-1=3", (14)
where u, is non-negative integer.

Thenz+1=3""3 (15)
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Using (14) & (15), we get 33 -1=2
= y=1u;=0.
Ifx=0theny=1,sothatz=2.
Hence (0, 1, 2) is the solution of 1* + 3¥ =z2
Theorem 8: The exponential Diophantine equations has no solution.
Proof: Suppose y = 0 and write (13) as 9 + 1 =22
Letz-1=9", (16)
where u, is a non-negative integer.

Utilizing the same method in case 1, we get u; = 0 and 9= 3 which is also
impossible for positive values of x, so that y#0.

Theorem 9: (1, 3, 6) is the solution of the Exponential Diophantine equation
4%+ 3Y = z2 where x, y & z are non-negative integers.

Proof: Suppose x > 1, 9+ 3V =22 as 3" =z - 3¥z+ 3"
Let z-3=3", (17)
where u, is the non-negative integer.
Then z +3" =33 (18)
Using (17) & (18), z+3"-z+3*=3"3_3"
= uy; =1
then 2.3 =3"3 (323 - 1)
Ifx=1 then y=3.
Sothat, z=6

Hence (1, 3, 6) is the solution of 9% + 37 =22,
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Then, in general, (0, 1, 2) & (1, 3, 6) are the solutions of the Exponential
Diophantine equation 9* + 3 = z2.
Section - D
The exponential Diophantine equation under consideration is
16¥ + 3V = 22

Theorem 10: (0, 1, 2) is the solution of the Exponential Diophantine equation
16" + 37 = z2 where x, y & z are negative integers.

Proof: Consider the equation
16"+ 37 =22 (19)
Suppose x = 0, then 1* + 3¥ = z2 becomes Z> - 1 =3”
Letz-1=3" (20)
where u, are non-negative integers.
Then Z+1=23""4 (21)
Using (14) & (15), we get 3 -1=2
= y=1Lu,=0
Ifx=0theny=1,sothatz=2.
Hence (0, 1, 2) is the solution of 16* + 3V = z2,
Theorem 11: The exponential Diophantine equation has no solution.

Proof: Suppose y =0 and write (13) as 16 + 1 =22
Letz-1=16" (22)
Where u, is a non-negative integer.

Utilizing the same method in case 1, we get u, = 0 and 16*=3 which is also
impossible for positive values of x, so that y+ 0.
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Theorem 12: (1, 2, 5) is the solution of the Exponential Diophantine equation
16" + 3¥ = z2 where x, y & z are non-negative integers.
Proof: Suppose x > 1, 16*+3" =22 as 3’ =z -4 z+ 4"
Let z-4°=3", (23)
where u, is the non-negative integer.
Then z +4" =3"" (24)
Using (23) & (24), z+4" -z +4°=3""4_3"
= u, =0
then 8 =3"-1.
Ifx=1theny=2.
So that, z=5.
Hence (1, 2, 5) is the solution of 16* + 3V =22,

Then, in general, (0, 1, 2) & (1, 2, 5) are the solutions of the Exponential
Diophantine equation 16* + 37 =22,

Section - E
The exponential Diophantine equation under consideration is
34V =52 (25)

Theorem 13: (0, 3, 3) is the solution of the Exponential Diophantine equations
3% +2Y =22 where x, y & z are non-negative integers.

Proof: Suppose x =0, then 3* + 2¥ = z2 becomes Z% - 1 =2”
Letz-1=2" (26)
where u, is non-negative integer.

Then Z+1=2"" (27)
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Using (26) & (27), we get 2721 -1 =1

= y=3,u =1

If x =0 then y = 3, so that z= 3.

Hence (0, 3, 3) is the solution of 3* +2¥ = z2.

Theorem 14: (1, 0, 2) is the solution of the exponential Diophantine equation
3% +2Y =22 where x, y & z are non-negative integers.

Proof: Suppose y = 0 & then 3* +2¥ = z2 becomes z2 - 1 = 3* (28)
Letz-1=23", (29)
where u, is a non-negative integer.

Thenz+1=3"" (30)

Using (29) & (30), we get 3°21-1=2

= u; =0

Ify=0thenx =1, so thatz=2.

Hence (1, 0, 2) is the solution of 3* + 27 = 22,
Theorem 15: The Exponential Diophantine equation 3* + 2¥ = z2 has no solution.
Proof: Suppose x >1, rewrite (1) as z> - 3=2"

Could not find the values of x & y.

It has no solution.

Section - F

The exponential Diophantine equation under consideration is

6+ 2V =72
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Theorem 16: (0, 3, 3) is the solution of the Exponential Diophantine equation
6° +2Y = z2, where x, y & z are negative integers.
Proof: Consider the equation
6* + 2V =272 (31)
Suppose x = 0, then 6° + 2¥ = z2 becomes Z2 - 1 =27
Letz-1=2" (32)
where u, is non-negative integer.
Then Z+1=2""2 (33)
Using (32) & (33), we get 2722 -1 =1
= y=3,u,=1
If x =0 then y =3, so that z= 3.
Hence (0, 3, 3) is the solution of 13* + 27 =z2.
Theorem 17: The Exponential Diophantine equation 6* + 2¥ = z2 has no solution.
Proof: Suppose y = 0 and write (31) as 6* + 1 =z
Letz-1=6"2, (34)
where u, is a non-negative integer.

Make use of the same method in case 1, we get u, =0 and 62 =3 which is
also impossible for positive values of x, so that y# 0.

Theorem 18: (2, 6, 10) is the solution of the Exponential Diophantine equation
6° + 2" =22, where x, y & z are non-negative integers.

Proof: Suppose x> 1.

If x = 2 then rewrite (7) as 2¥ = z% - 67
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Letz-6=2"2, (35)
where u, is the non-negative integer.

Thenz+6=2"" (36)
Using (36) & (35),z+6-z+6=2""2.2"

= Uy=2

then, 2°22_1=73

If x =2 then y = 6, so that z= 10.

Hence (2, 6, 10) is the solution of (31).

Then, in general, (0, 1, 2) & (2, 2, 5) are the solutions of the Exponential
Diophantine equation 4* + 3 = z2.

Section - G
The exponential Diophantine equation under consideration is
9 42V =72

Theorem 19: (0, 3, 3) is the solution of the Exponential Diophantine equation
9% + 27 =z where x, y & z are negative integers.

Proof: Consider the equation
9 +2V =22 (37)
Suppose x = 0, then 9* + 2” = z2 becomes z2 - 1 =27
Letz-1=2", (38)
where u, is non-negative integer.
Thenz+1=2""3 (39)
Using (38) & (39), we get 2723 -1 =1
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= y=3,u;=1
If x =0 then y = 3, so that z= 3.
Hence (0, 3, 3) is the solution of 9* +2¥ = z2.
Theorem 20: The Exponential Diophantine equation 9% + 2¥ = z2 has no solution.
Proof: Suppose y = 0 and write (37) as 9 + 1 =22
Letz-1=9", 40)
where u, is a non-negative integer.

Make use of the same method in case 1, we get u; =0 and 9°*3=3 which is
also impossible for positive values of x, so that y # 0.

Theorem 21: (1, 4, 5) is the solution of the Exponential Diophantine equation
9% + 2" =272, where x, y & z are negative integers.

Proof: Suppose x > 1, 9+ 2V =z?as 22 - 32=2"
Letz-3=2", 41)
where u, is non-negative integer.
Then z +3 = 2" 42)
Using (42) & (41), 2+ 3 - 2+ 3 =243 2%
= uy; =1
then 2.3 =2"3 (23 1)
Ifx=1then y =4, sothatz=35.
Hence (1, 4, 5) is the solution of 9% +2Y =z,

Then, in general, (0, 3, 3) & (1, 4, 5) are the solutions of the Exponential
Diophantine equation 9* + 3 = z2.
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Section - H
The exponential Diophantine equation under consideration is
12% + 2V =72

Theorem 22: (0, 3, 3) is the solution of the Exponential Diophantine equation
12¥+2Y =22, where x, y & z are negative integers.

Proof: Consider the equation
12542V =22 (43)
Suppose x = 0, then 12* + 2’ =z becomes z2 - 1 =2
Letz-1=2"4 (44)
where u, is non-negative integer.
Then z+1=2""4 (45)
Using (44) & (45), we get 2724 -1 =1
= y=3,u,=1
If x =0 then y =3, so that z= 3.
Hence (0, 3, 3) is the solution of 12* + 27 =z2,
Theorem 23: The Exponential Diophantine equation 12* + 2” = z2 has no solution.
Proof: Suppose y =0 and write (43) as 12* + 1 =22
Letz-1=12" (46)
where u, is a non-negative integer.

Make use of the same method in case 1, we get u,= 0 and 12" =3 which is
also impossible for positive values of x, so that y # 0.

Theorem 24: (2, 8, 20) is the solution of the Exponential Diophantine equation
12¥+ 2" =22, where x, y & z are negative integers.
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Proof: Suppose x > 1, if x =2 then 12* + 27 = z2 becomes 2” = z% - 12?
Letz-12=2", (47)
where u, is the non-negative integer.

Then z+12 =2"" (48)
Using (47) & (48), z + 12 -z + 12 =274 _ 2%
u,=3
then 272" 1 =3,
If x =2 then y = 8§, so that z = 20.
Hence (2, 8, 20) is the solution of 12* + 2V = 22,

Then, in general, (0, 3, 3) & (2, 8, 20) are the solutions of the Exponential
Diophantine equation 12* + 27 =22,

Conclusion:

The exponential Diophantine equation has non-zero unique integer solutions,
which we have shown in this work. In order to draw a conclusion, one could look for
other equations using different numbers.

References:

[17] R.D.Carmichael : “History of Theory of Numbers & Diophantine Analysis”,
Dover Publication, New York, 1959.

[2] L.K. Hua : “Introduction To The Theory of Numbers”, Springer-Verlag,
Berlin-New York, 1982.

[3] Ivan Niven, Herbert, S. Zuckerman & Hugh L. Montgomery : “An Introduction
To The Theory of Numbers”, John Wiley & Sons Inc, New York 2004.

[4] Somchit Chotchaisthit : “On The Diophantine Equation 4* + p” = z2, where
P is a Prime Number”, American Jr. of Mathematics & Sciences, Vol. 1,
Issue 1, Jan. 2012.



The Mathematics Education [Vol. LVIII (1), March 24] 25

[5] G.Jeyakrishnan & G. Komahan : “On The Diophantine Equation 128+ 9617 =
z2”, International Journal For Innovative Research In Science & Technology,
Vol. 3, Issue 9, 119-120, Feb. 2017.

[6] G.Jeyakrishnan & G. Komahan : “On The Diophantine Equation 128*+ 196"
=2z2”, Actaciencia Indica Mathematics, Vol. 2, 195-196, 2016.

[7] P.Saranya & G. Janaki : “On The Exponential Diophantine Equation 36*+ 3"
= z%”, International Research Journal of Engineering & Technology, Vol. 4,
Issue 11, 1042-1044, Nov. 2017.

[8] C. Saranya & G. Janaki : “Solution of Exponential Diophantine Equation
Involving Jarasandha Numbers”, Advances and Applications in Mathema-
tical Sciences, Volume 18, Issue 12, 1625-1629, Oct. 2019.

[9] C.Saranya & Yashvandhini: “Integral solutions of an Exponential Diophan-
tine Equation 25% + 24" = z2”, International Journal of Scientific Research
in Mathematical and Statistical Sciences , Volume 9, Issue 4, 50-52, Aug.
2022.



