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Abstract:

In this paper, we use (4, 2)- jection operator which is the generalization
of projection operator, projection defined in G.F. Simmons [1]. We have define
eB, where B is a (4, 2)-jection operator on a linear space L.

We find "B, n being an integer. We define hyperbolic function related to a
(4,2)- jection operator B. We deduce properties of hyperbolic function such as
cosh’B-sinh’B = I, etc. We prove results analogous to results in trigonometry.

Keywords: linear space, projection operator, Hyperbolic functions, Trijection
operator, (4,2)- jection.

1. Introduction:
(4,2)-jection and hyperbolic functions:-
Definitions:
Let B be a (4,2)-jection operator on a linear space L.[2]
i.e. B4=B2
We define,

B> B B* B B°
B A B A g
e I+B+2!+3!+4!+5!+6!+

B> B B B B :
B — 2o g p g B e B e 4—R2
Now, e [+B+2! +3!+4!+5!+6!+ (if B*=B")
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eB=1+B+B?(coshl - 1)+ B3(sinkl - 1)
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Therefore,
(eB)2 =[I+B +B2(coshl - 1) + B3(sinhl - 1)]?

=[I? +B? +B*coshl - 1)> + B(sinkl - 1) +2.I.B
+2.B.B%*(coshl - 1) + 2.B*(coshl - 1)B3(sinkl - 1)
+2.1.B3(sinkl - 1)+ 2.1.B*(coshl - 1)+ 2.B.B3(sinkl - 1)]
=[I? +B? +B?(coshl - 1)? + B*(sinkl - 1)>+2.B
+2.B3(coshl - 1) +2.B3(coshl - 1)(sinkl - 1)
+2.B3(sinhl - 1) + 2.1 BX(cosh] - 1) + 2.B.B3(sinkl - 1)]
= [I?> + B% + B%(cos?hl + sin?hl - 1) + B3(2sinklcoshl - 2)]
= [I? + B2 +B2(cos2hl - 1) + B3(sin2h1 - 2)]
(eB)? = [I2 +2B? + B%(cos2hl - 1) + B3(sin2h1 - 2)]
Let us assume,
(eBy=[I? +nB? + B?(cosnhl - 1)+ B3(sinnhl - n)]

Now, (eB)n+l = (eB)n x eB

[/ +B+B2%(coshl-1)+B3(sinkl - 1)] x [I?> +nB?+B?(cosnhl - 1) + B3(sinnhl - n)]

=[I+nB+B2(cosnhl-1) + B3(sinnhl - n) + B +nB? + B3(cosnhl - 1)

+ B4(sinnh1 - n) + B3(coshl - 1) +nB3(coshl - 1) + B*(coshl - 1)(cosnhl - 1)
+B3(coshl - 1)(sinnhl - n) + B3(sinnhl - 1) + nB*(sinkl - 1)
+B>(cosnhl-1)(sinkl - n) + BS(sinkl - 1)(sinnhl - n)]
=[+(nB+B)+B2{cosnhl-1+n+ sinnhl - n +coshl - 1
+ (coshl-1)(cosnhl - 1) + n(sinkl - 1) + (sinkl - 1)(sinnkl - n)}

+ B3{sinnhl - n + coshl - 1 + n(coshl - 1) + (coshl - 1)(sinnhl - n)
+ (sinkl - 1) + (sinkl - 1)(cosnhl - 1)}
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=[+(n+1)B+B?{coshl.cosnhl +sinkl.sinnkl - 1} + B3{coshl.sinnhl
+sinkl.cosnhl - n -1}
=[+(n+1)B+B>{cosh(n+1) -1} + B3{sinh(n+1) - (n+1)}

Hence by induction for any positive integer 7.
e"8 =[I?+nB? +B?(cosnhl - 1) + B3(sinnhl - n)]
ifweputn=0,
€8 =[I> +0.B% + B>(cos0h1 - 1) + B3(sin0Al - 0)]
eV =[I?+0+B%(1-1)+B3(0-0)]
¢’ =1, where 0 is zero operator.
So relation holds when »n = 0.
So we take
n=-n,i.e. when n is a negative integer.
e"B = [I+(-n)B?+ B2(cos(-n)h1 - 1) + B3(sin(-n)h1 - (-n))]
e"B =[I-nB?+B%(cosnhl - 1) - B3 (sinnhl - n)]
Putting B=1
e" = [I> +nl? +P(cosnhl - 1)+ P(sinnhl - n)]
= [[I+n+cosnhl -1 +sinnhl - n]
e = [[cosnhl +sinnhl]
Soweputn=1
el = I[coshl +sinhl]

el=Ieorel
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Now,
B B' B
COSAB=T+—+ —F —F ceeevuveenes i (ifB4=Bz)
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at 3l
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= | LIPS T
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sinhB =B +B3[sinhl-1]
Now,

siniB + coshB =B+ B3[sinhl - 1]+ 1+ B%[coshl - 1]
eB=I+B+B2[coshl - 1] +B3[sinhl - 1]
e2B=1+2B+B?%[cosh2 - 1] +B3[sinh2 - 2]

e"8 =[+nB+B?%[coshn - 1]+ B3[sinhn - n]



The Mathematics Education [Vol. LVII (4), Dec. 23] 17

e"B={[+B%*(coshn - 1)} + {nB+B3(sinhn - n)}
e"B = sinhnB +coshnB

Theorem (1.1): cosh?nB - sinh*nB =1

Proof: coshnB +sinhnB

= {I+B?*(coshn - 1)} + {nB+B3(sinhn - n)}
= ehB
Now,
coshnB - sinhnB

= {I+B*(coshn - 1)} - {nB+B3(sinhn - n)}
=B

cosh?nB -sinh?*nB

= (coshnB +sinhnB)(coshnB - sinhnB)
= enB X e-nB

Hence, cosh?nB -sinh?*nB=1
Theorem (1.I1): cos/nB.sechnB =1

Proof: We know that
sechnB=1+B%*(sechn-1)
. coshnB.sechnB
= {I+B%*(coshn- 1)} .{I+B*(sechn- 1)}
=[I+B2(sechn - 1)+ B2(coshn - 1)+ B*(coshn - 1)(sechn - 1)] (if B*=B?)
=[+B?[sechn-1+coshn-1+1+coshn-sechn+1]
=I1+B%[0]
=1
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Theorem (1.II1): (coshB +sinhB)"= (coshnB + sinhnB)
Proof: R H.S
(coshnB +sinhnB) = {I+B?*(coshn - 1)} + {nB +B3(sinhn - n)}
= [I+nB+ B?*(cosnhl - 1)+ B3(sinnhl - n)]
= enB — (eB)n
=[I+B+ B?(coshl - 1)+B3(sinkl - 1)]"
=[{I+B?(coshl - 1)} +{B+B3(sinkhl - 1)}]"
= (coshB +sinhB)"
Theorem (1.1V): (/+ cosh2 +sinh2)" = 2"cosh"B(coshnB +sinhnB)
Proof: (I +cosh2 +sinh2)"= {I+ cosh*B +sinh?B + 2sinhBcos hB)"
= (cos2hB +cos?hB + 2sinhBcos hB)"
= {2coshB(coshB +sinhB)}"
= 2"cosh"B(coshB +sinhB)"
= 2"cosh"B(coshnB +sinhnB)
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