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1. Introduction:

There are certain forms of integral averages which are known as Dirichlet
averages according to their Dirichlet measure. The theory of multiple types of Dirichlet
averaging was introduced by Carlson (1969-1987). Again this has been analyzed by
others Mathematicians like Khan et al. (2017), Gupta and Aggarwal (1990-91), Saxena
et al. (2010), Sharma and Jain (2006-07), Kilbas and Kattuvetty (2008), Deora and
Banerjee (1993), A.K.Thakur et al. (2015), Gurjar (2021). Also a fixed and accurate
version of various types of Dirichlet averages was given in a treatise by Carlson.
Recently, Meena K; Gurjar M.K. (2020) also found the double Dirichlet average of
the 3M parameter multi-index Mittag-Leffler function. In this paper, a study of triple
Dirichlet averaging of the Mittag-Leffler function is presented.

2. Generalized Bessel-Maitland Function:

Introduced the famous generalized Bessel-Maitland function and defined it a
[17]
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j#ﬂ:p < z>S= ZI (]’)q“(—ﬂ')“
v,Y.8 - n=0 pomip+ 1)(8)pn (2.1)

Where , v, v, 6 e Cwith, R(v) > -1, R(u), R(y), R(8) > 0.
Also, Let g € R with g < R(u) + p.

Where, the generalized Pochhammer is being denoted as (y) 4, = %")—"3.

Ifwetake 3 =0and p=¢=38=1vy=11in(2.1)and it is defined as, we get
Mittag-Leffler function introduced by Mittag-Leffler GM.(1903) is received.
]&11,711 ("'Z) - Eu (Z)

We obtain a generalization of the Bessel-Maitland function presented by
Singh et al. (2014). If we take 8 =p =1 in equation (2.1) and it is presented as

Wy g Dan(a"
]v,y(z)"‘ =0 r(un+v+1)n! (2'2)

Where W, v, Yy eCwith, R(v) > -1, R(y), R(1w) >0 and g€(0,1) UN.
Ifweputv=v-1andp=g=0=vy=1 in equation (2.1), the function

reduced to the well-acknowlaged generalized Mittag - Leffler function introduceded
by Wiman A. (2014) as

e (~zi = E (2 (2.3)

If we take and define =9 -1andp=¢g=98=1in (2.1), we get the gener-
alized Mittag - Leffler function given by Prabhakar (1971).

i (=2) = EY (2 2.4)

If we take d =p=1 and g = 0 and represent it as, we get the Bessel-Maitland
function or the Wright generalized function introduced by Marichev.

JA@D) = I = = gy, v +1;—2) 2.5)

n=0 run+v+1)n!

If we take and define 3 =8 - 1 (2.1), we obtain the generalized Mittag-
Leffler function given by Sam and Faraz (2007).

JLAP (-2) = Elyd(2) (2.6)
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Ifweputv=v-1and p=203=1 in equation (2.1) then the function reduces
well to the accepted generalized Mittag-Leffler function introduced by Shukla and
Prajapati (2014).

R0 = B3 2.7)
3. Mittag-Leffler Function:
Introduced the Mittag-Leffler (p, s, k) function and defined it as

ks 4n
V.S v pt¥'nks 4
pEip.0(2) = Zﬁ:o—prm(naw}g (3.1)

where £, p, s € R, 6, ¥, yeC with Re(8), Re(), Re(y)>0.

pnks denotes the Pochhammer (p, s, k) symbol which is being defined by Gehlot
and Nantomah (2018) as

)n B - E }l). E s — =1 E

g = [2] (2], o 2 0= ], = T 24,
-7

where [] S=11__§ ,YY€R, 0 <s <1 and p's* gamma function is defined as

nl p* 1 (snp)K?

S
sk = |

The relation between three parameters, two parameters and classical
Pochhammer’s symbol (Ayub, 2020) is given by

pWnks = smp0i= ()" (7). = sp)" (1)

Also the relation between gamma function of three variables, gamma function
of two variables, gamma function of one variables and classical gamma function is

given by
prs.k(():(s) /x p{‘ku’)= ("}?) Mg @)= r(i)

Relation with generalized Wright hypergeometric function

g -

1]

~/k 0
k(sp) sy

(&)

pEip,0(2) = R
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Relation with Fox H-function

: ' k(sp) 7%
PE:,;,a(Z) = Hl 2

9

By inserting s=1 in the above equation (3.1), the function reduces to the
Mittag-Leffler (P-K) function introduced by Cerutti et al. (as of 2017)

—z(sp)'”

nkiz

pE;;.a(z) = Z}’i-om P o) (3.4)

where p* is the p-k-gamma function and p'"n.# is the p-k-Pochhammer symbol
and is defined by Gehlot K.S. (2017)
Iy +nk)

pWnie= () (B p) (Bt 2p).... (R + (n—1p)= e

and p'*is defined as (p-k) gamma function
ck

pik(z) = [[t*"te™ 7 dt (z€C/kZ ;p.k € R*/{0})

Relation with the generalized Wright hypergeometric function p¥gq
Y

o (1)

9 0

1e9
.

(1-%1)

01, (1= 2)] (3.6)

Putting p=1 and s=1 in (3.1), the function converges to the Mittag-Leffler
K-function given by Dorrego and Cerutti (2017) and is defined as

(3.5)

Relationship with Fox H-function

. k -d/k " _ﬂ
pE}:Q“Q(Z) = "%,_)(f)*_ H::zl I-Z(p)l
k

EY,I 1( JI‘I k1 &n — o (Y}a.k zﬂ e v
1 k,ﬂ,ﬂ(z) — Z'y*(} il k T, . (no+y) n! ?‘f:(} [ (n0+8) n! = Ek '(}’3(2). (3 .7)

where I} is the k-gamma function and (y),,; is the Pochhammer k-symbol and is
defined by Diaz and Pariguéan (2007)

V=YY +E)(Y +26).....(Y+(n-1)k)
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And T;(z) is defined as k-gamma function
¢k

Li(2)=["t=te % dt (Re(z)>0)

Generalized right hypergeometric function and relation with Fox H-function

v Y
EZ 08 = (k‘l) . H“ l—z (1_K'1) ] (3.8)
s o\[|°r 9 0 ‘
0 IR 01,(1-1.2)
If we substitute k=1, p=1 and s=1 and determine the following function then

equation (3.3.1). Prabhakar T.R. Reduces to the Mittag-Leffler function provided by
(1971)

]qjl Z

1{5.]

gnl 112" Dn2"  _ oy
15, 08(2) = Za- n=0 TFry ool = E:‘“m_ Eq 5(2). (3.9)

where (), = denotes the pochhammer symbol

W=y +DE+2)....00 +(n—1)= r—%’ll
Generalized right hypergeometric function and relation with Fox H-function
Y ______ (‘y’l) 1,1 [_ (1_}/:1)
Eg 0(2) = 5 11 [ (8,0) rcy) ron hiz |72 (0,1),(1-9,6) 3:40)
By setting k=1, p=1, s=1 and y=1 in equation (3.1), the function is generated
in the Mittag-Leffler function introduced by Wiman [1905]

1,1 - n
15,6.0(2) = Enco rrmggy = Eo.0(2). (3.11)
Generalized right hypergeometric function and relation with Fox H-function
= (1,1)] _ A [_ (0,1) ]
Bk = 1% [z wol =Mz [lon,a-sn 12

Similarly, In the equation (3.1), the function reduces to the so called Mittag-
Leffler function presented by Mittag-Leffler GM. (1903). If we substitute k=1,
p=1,s5=1, 0=1 and y=1 the following function are determind

15101(2) = Zieo rrerys = Eo(2) (3.13)
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Generalized right hypergeometric function and relation with Fox H-function

)=t 2| )

further, we obtain exponential function when we take k=1, p=1, s=1, 9=1, y=1
and 6=1 in equation (3.1).

Ey(2) = ¥, [z (3.14)

4. Dirichlet Average:

The theory of Dirichlet averaging, Set z= (zy,..., z;) € 3%, k>3 and take 3 as
a convex set in the complex numbers C, where /'is a measurable function on S.

Then we get

F(b; 2) = flu 0 2) dyy(u) (4.1)
Here the equation (4.1) explains d,(x) and

uoz=3k wzand u,=1—u;—...—uy
Triple Dirichlet Average:

The Triple Dirichlet average is analogous to the fractional derivative. Let
there be a k x x matrix with complex elements z;; on the setting. Let u = (u,, ..., u}),
V=(V, .y Vi), and w = (wy, ..., w,) ordered k-tuple, x-tuple and y-tuple of real non-
negative weights Yu; =1, ¥v;,= 1 and ¥.w, = 1 respectively.

Now we define
=¥ SV Yz
U0z OVOow = 30 Do U;Zj Viwy

every convex combinations becomes points in the convex hull H(z) stands form of
(Z1115++ -5 Ziy). If 2, is considered as a point of the complex plane.

By taking b = (b, ..., b;) be an ordered k-tuple of complex number with
positive real part Re(b) > 0 and then as well for B=(B,, ..., B,), and Y= (y,, ..., %)
then explain dp,(u), dug(v) and dL, (w).

Suppose the holomorphic on a domain D in the complex plane is f; if Re(b) >0,
Re(B) > 0, Re(y) > 0 and H(z) ¢ D. Then we obtain
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F(b, z, B, 7) =II] fluoz ovow)dp,(u)dpg(v)din(w)

Gupta and Agrawal (1975) presented the S-function (x 0zo y)’ with a Double
Average for (z=x=y=2) under

S(#1, 2135 Z; p1, P2s P33 01,02, 03)

1 4 1

& fff(x Ozoy)t dmﬂbﬂz:m(u)dmﬂi-ﬂzﬂs(v) dmﬁhﬂz,ﬂa(w) (42)
00 0

Where Re(lt,)>0, Re(j1,)>0, Re(l;)>0, Re(p;)>0, Re(p,)>0, Re(p3)>0,
Re(07)>0, Re(o,)>0, Re(o3) >0 and

Z 2 2

UozZo vow = ZZ (u; 0 Zijjr OV;0 Wi
i=1 j=1k=1

_ 2
= Zi=1[u1 (v + zivy + z;pwy) ]
= (U121 Viwy + U215V Wy + UpZa  ViWy + UpZp, VoW, ]
Suppose z)| = a, 2z, =2y, = b, z;3= 23, = cand z,; =d, 255 = e, zp3 = fand

Vi =Y, VZ=1-‘V, ’V3=1_V
wy=w, w,=1l-w, wy=1-w

a d
Thus z = [b e]
c f

{u1=u, U, =1-u , uz=1-u

Therefore

uozovow =uvwab + uvb(1-v)(1-w) + (1-u)(1-w)ev + (1 -uw)d(1-v)(1-w)
(4.3)

=uww(a-b-c-d-e+f)+u(b-d-f)+v(c-d-a-f)+w(d-e-f-a)+d

e Iy +pz+uz) Hs—1 _ Uy—1 _ Ha—1

dm’u'uz'”?‘(u) r{ua)ruz)rus) LR ~ R (4.4)
- F(P1+P_z+ﬁ2) p1—1 an\pa—1 — P31

dmplpz,pg(v) r(ﬂ:)r(pz)f‘(pg) v (1 'U) 2 (1 V) : dv (4.5)
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i F(O‘1+a’2+0'2) o1—-1 T o1 e a3—1
and dmg, g, 5, (V) M @D @)as) v (1-w) (1-w)% dv (4.6)

Thus from equation (4.6), we obtain
S(ﬂv H2 +H3: 25 D1, P2, P35 010'2,0'3)

_ It tus) Tlptp,+ps)ionto;tos)
F(#1)r(#2)F(#3) F(Fh)I‘(Pz)r(Pa)F(Ul)F(Uz)f(ﬂ's)

>-cffj[uvw(a—b—c—d—e+}‘)-i-r.w(b—d—f)+vw(c—a!—ez)+f]‘t
0D O

Xyttt (1 — w2~ (1 —w)# du vPr 1 (1 —v)Pe~! (1 —v)P3 idy

X w91 (1 — w)%~1 (1 — w)%~1dy (4.7)

5. Fractional Derivative:

The Riemann-Liouville fractional integral of arbitrary order & Re(d) > 0

1
re)

We obtain the fractional derivative by proceeding through fractional integra-
tion. Erdélyi et al. (1954) explained the Riemann-Liouville fractional differential
operator D of order 8(8€C) as

(12; F)(z) = fz(z —s)0-1F(s) ds z>a,a€R.

g [ R e < o

n

dz" (DS (f(2))}, n—1<R() < mneN.

(DSF)(2) = (5.1)

Here z7(z) is as F(z) and Re(d) < 0; is analytic for z = 0.

6. Dirichlet Average of Generalized Bessel-Maitland Function and Mittag-Leffler
Function:

In this section, we develop the Dirichlet average of generalized Bessel
Maitland function and Mittag-Leffler function
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Theorem 1: Let L, v, ®, 7, 8, eeC with R(u) > 0, R(v) > -1, R(w) > -1, R(y) > 0,
R(O), R(e)>-1. Also, Let p, g, r € R" with g < R(W) + p. Then the function defined
the triple Dirichlet average of generalized Bessel-Maitland function J} oz (uozovow)
involving the fractional derivative for (k=x=y=2) as

S, o35 25 1, P2, P3)

_ I'(py + p2 + p3)
r'(py)

Proof: Let take the triple Dirichlet average for (k=y=x=2) of generalized Bessel-
Maitland function J m s e (uozovow) with the help of equation (4.6). Let us take
the double Dmchlet average for (k=x=y=2) of the generalized Bessel-Maitland
function J wT&e with the help of equation (4.6)

G —yy-oses DB i I2  + 0| (- 9)

Gt t5i 23 1, 205) = [ [ [ I8 00 2 00) dimyp Wy, ) (611

Interpreting equation (6.1) and changing the order of integration and summa-
tion we get the following equation

Sy, ) U35 23 P1, P20 P3)
111

T g2 o
B nzdir(‘un o E 1)(5)pnffJ(u z v) dm’"i“Z‘“B (u) dea,Pz.ﬂ:i.(v)

000

applying (4.11), (4.12) and (6.1), we have

Sy, 2, U35 25 1,y P2, p3)

_ T+ iz + ) T(py + p2 + ps) i (Ngn(=1)"
Pl () T (p)I (p3) &2 T'(un + v + 1)(8)

><fff[uv(aub—c+d)-¥-u(b——d)+v(c-—d)+d]

X whr=1(1 — w)t(1 — w)ha-LdupPr1 (1 — v)Pei(1 - )P 1d (6.2)

Putting a=c=d=x, e=f=y, then we obtain
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S(uq, Haiz; Z; Py, P2y P3)

Tty 13) T(oy+ 9y +p3) O (Mgn(=1D)"
- Fu)r(ue) I'p)dr(e)r(ps) et r'(un+v+ 1)(5);;:;

1.1 1

[ [ [ o=+ y1rusosca -yt (1= wpsmtduh (1 Pt (L= )t

0600

Furthermore, with the help of the well-known beta and gamma functions, we get

S{ - & ) = I'(py + p2 + p3) = (Mg (=1)"
M. K2, 135 25 P1, P2, P3 F(Pl)r(p2)r(p3)n=g rium+v+ 1)(5)pn

X f[v(x —y) + y]t v, (1 = v)P2m (1 — v)Psdy

Let v(x-y) =t then we have

F(py +p2+p3) N (V)gn(=2)"
F(p)l (p)I (p3) & I'(un + v+ 1)(8)pn

S(uy, b, M35 25 Py, P2, P3) =

xX-y

t P11 t \P2—1 t P3=1 At
[oror(;5) (-555) (-55)
xX—-y xX—9 xX—y xX—9

0

S(ua, 2, U3 Z; P1, P2, P3)

_ TI'(py + p; + p3) Z (¥gn(—1
~ T(p I (p)I (p3) & T(un + v + 1)(6)pn

x-y
X f tPrily+ ) (x—y—t)P2 Y (x—y— )3t dt
0

( i y)1“91‘92-«p3

I'(py + pz + p3) x
r(p)Ir (p)I(ps3)
L

| @=y vy g+ o

0

S(M'iruI!:ﬂS;Z;pl: L2, 93) y)l**Pi*pz*“Pa
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Utilizing the explaination of fractional derivative given in (4.2), we obtain
needed outcome.

Corollaries:

1. Let d=p=1 fulfill the condition of theorem 1 then we obtain the following results
hold:

Sy, tay 135 Z; P1, P20 P3)
- IF'(p; + pa + p3)
F(Pl)

2. Letv=v-1and 8=p=g=1 fulfill the condition of theorem 1 then we obtain the
following results hold

S(u1, a, U35 Z; Py, P2, P3)

_ r(p; + p2 + p3)
I'(py)

which is well known result by Khan et al. (2017).

(x —y)t-pi~pe-ps|D ERlePs L (y + £) }] (x — ¥)

(v~ 3 — gpr-raerta| D Beri B v+ O (y—x—2)

Theorem 2: Let 1, v, v, 8 € C with R(v) > -1, R(W), R(Y), R(S), R(e) > 0. Also, Let
D, q € R with g <R(u) + p. Then the function defined the triple Dirichlet average of

generalized Bessel-Maitland function J ;174 (wozovow) involving the fractional

derivative for (k=y=x=z=2) as
S(1r tas U35 23 P1s P24 P3)

- (k1 )n I'(py + p; +p3)
(g + iz + 3y I'(p,)

(x b z)'l‘Pl‘PZ

[D;f;{tpl“ljﬁf_f (v + t)}] (x—y=-2)
Proof: Using (4.2), we have
S(u1, t2) M35 Z; Py P20 P3)

- F(uy + 1y + p13) Tpy +p; + p3) 5 ()gn(=1)"
()T (u)I () I'(p )T (p2) I (p3) n=0f‘(;m + v+ 1){8)ps
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1

g %
x!!![uv(a—b—c+d)+u(b—d)+v(c—d)+d]”

Xub1~H(1 — )iz~ du vP1~1(1 —v)P2~1 dy
We suppose that a=x, b=y, c=d=e=/=0, then obtain
Sy, o, 135 Z; Py, P2, P3)

_ T+ o+ 1) T(pr+p;+ps) i Mg (=1)"
Pl )l () T'(p )T ()1 (p3) £ T(un + v + 1)(8)pn

111
X f [ f[u.vw(x —y) +uy]tutrTi(1 = w)Hem(1 — )M lpPaml
000

(1—=v)P2"1 (1 —v)P3~twPr=1(1 — w)P2~1 (1 — w)P3 1 du dvdw

S(uyq, U2, 33 Z; P1, P2y P3)

_ Iuy + ptp +p3) Ty + ps +p3) (Vg (—1)"
F(ﬂﬂr(ﬂz)r(#s)F(Pﬂr(Pz)r(Ps)n__w r(un +v + 1)(8)p,

1 1 1
% [vx +uy +z(1 —w) +z(1 — w)]" wtr*=1(1 — w)ke1
1

(1 —uw)*~1(1 = v)P2~1(1 - v)P3~! dudvdw
Also, with the help of well known Beta and Gamma functions, we get

Sy, Uz, Uz Z; Py, P, P3)

N I'(py + g + ps + p3) Tpy + pp + p3) Ty + 1) (1)
T )T )T (us)  T'(p )T ()T (pa)T (1 + pp + 1)

N (}’)qn(—l)n : . n 1—1 ! 2—1
;r(un + v+ D(0)pm xof[v(x-y_z) +y]"vPrmi(1 - v)Peidy
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on putting v(x - y-z) =t in above equation, then we get
S(uy, Ha U35 23 p1, P2, P3)

_ T+ ps+ps) () i Nan(=1)"
Il (02T (p3) (s + b + p3)n & T'(un + v + 1)(8)

X~y =2

. f +tn( t )J:’l""1 1 t )92"’1
¥+ X—y—2 ( X—=y—2

0

t N
(1_x-—y—z) X—y=—-2

Utilizing the explanation of fractional derivative given in (4.2), we obtain
needed outcome

Special Cases:

1. Letd=p=g=1 and v=v-1 fulfill the condition of theorem 2 then we obtain
the following results hold:

(U1)n I(py + pa + p3)
Uy + pp + p3)y I'(p,)

— p3[DL2{tP1E) (v + O} (¥ — x)

Which is well known result by Khan et. al. (2017).

S(lu'l! MZ: Hz, Z; 91, 92; Pa) = (x S y)l-p1—pz

Theorem 3: Let p,k,s,7€ N, 0,9,7 € C with Re(6) >0, Re(I) > 0, Re(y), R(e)>0,
then the triple Dirichlet average of Mittag-Leffler function pEy ats (uozovow)
involving the fractional derivative for (k=x=y=2) is

Sy, 2, M2: 23 P1, P2, P3)
_ I'(p1 + pz + p3)
I'(py)

_ I'pi +pp) k(srp)”/k
r'(p,) i (%)

(x — y)L=P1=P2=p3 [D;fg{tpz“ipﬁ';‘;:; (y + C)}] (x—v)

(x — y)i"Pz"ﬂz—Ps
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y
.
(k ) ;(y + )(srp)'” ¢ (=)
E5

_ I(py +py +p3) k(S?‘P)ﬂ/’f
¥
I'(ps) F(E)

(Du"i {t 1=14L1 (1-51)

;—(y + t)(srp)” ]D (x—y)
Ly (1 ~5.27

Proof: Let take the double Dirichlet average for (k=x=y=2) of Mittag-Leffler

function pE, f’e s(10z0v) into consideration with the help of equation (4.2)

i D D2 ppriipy

(x — y)l*pi“pZ

1 1.1

Sy, 2, U3 Z; P1, P2, P3) =fff{ kw(u o z ovow)}dmy, ,,(Wdm, ,, (V)
0 0 0

(4.15)

We get the following equation interpreting on equation (4.15) and inter-
changing the order of integration and summation

n ST
- S, 2, 1135 2 P1, P2, P3) = Zn Opr”k(new) ;TLTJ‘ fj((u °z ovow))
000

dmﬂlﬂz;zz K3 (w) dmﬂlPZpg (V)
Applying (4.18), (4.19 )and (4.20) , we have
Sy o) U35 23 P1, P2, P3)

_TQutpatps) T1+pa+p) N° PV ssr
F(u )T () I () T'(p)T (p2)T (p3) Lain=o p"sk (MO+9)

1 9 4

X [uwva—b—c+d)+ulb—d)+vic—d) +d]"
f][imie-

X utrmH(1 — w2 idu vP1 (1 — )Pl dv
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We suppose that a=c=x, b=d=y, then we obtain

S(ua, pz, U35 25 p1, P2, P3)

11
Mt @) TG+ T PV ]
 Tapl(ay) (BT (B,) ein=o pTsk M0+9) !!IV(x —y) +v]

X utr=l (1 —u)#271 du v/~ (1 —v)Pz~ldy
Also, with the help of well-known Beta and Gamma function, we get
S(uy, 2, k3 25 p1, P2, P3) = J'Ol[v(x —y) +v]"vPr (1 —v)P2ml dy

Suppose v(x-y)=tthen we have

S( - - I'(ps +p2) O pmn,k.s
Hi, B2, K3, Z; P1, P2, P3 r(pl)r(pz) il prs.k (n6+9)

xf G+ (ﬁ)prl (1-A)7 &£

X=-y X=y

— L(pitps) 1-p1=p2 [ Yiw — n — $\P2-1
F(p:)l’(pz)( =) fﬂ (reg=1)

{tP1—1 pE,r";ﬁ (v + t)}dt

Utilising the explanation of fractional derivative given in we obtain needed
outcome

Sy, Ha) 133 23 P1, P21 P3)

F ’ |

Special Cases:

1. Lets=1,r=1, p=1, k=1 fulfill the condition of theorem 1, then the following
result holds:

I'(py + p; + p3)
r'(ps)

(D722 (P 1E) sy + D} (x — y - 2)

(ulrﬁm H3: Z; P1, P2, p3) =

(x ' Z)i“ﬂi'“ﬂz—-pg
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_ F'(pr+p; +p3) 1
Fey T
(r, 1)

X (D;f; {r91-111111 [ . 0) (y + t)]}) (x—y—2)

(x e B 2)1“91"ﬁ2

:r(P1+P2+Ps) 1
I'(p,) r(y)
— 1-y,1 .
(o3 frriit [ 25 gy o+ -y -2

which is well known result by Gurjar M.K.(2020).

(x — y — 2)1“91"92“93

2. Lets=1,p=1,r=1,k=1,y=1and 9=1 fulfill the condition of theorem 1, then
the following result holds:

S(i1, U2, U35 Z; P1, P2, P3)

" I'(py + p2)
I'(py)

_ I'(p, + p2)
I'(p1)

- I'(py + p3)
I'(p1)

(05 aitt [(01y 0,090+ 0] 5=

(x — y)1=PrP2[D P2 {xP=1E, (y + £)}](x — ¥)
= yy=eee (08 feerawn [ (s o+ 0]f) G- )

(x - y) 1~-p1-p2

Which is well known result by Gurjar M.K.(2020).

Theorem 4: Let p, k,s€ N, 0,0, p e Cwith Re(0) > 0, Re() > 0, Re(p) > 0, then
the double Dirichlet average of (p, s, k) Mittag-Leffler function pﬂzg,ﬁ(uozov)
with the fractional derivative for (k=x=2) is

(ﬂl)n F(pl + Pz)
(m +12)a T'(p1)

Sy, Uz; 2 p1, P2) =

(x — y)tP1p2[D P2 {rPi-1pEYe (¥ + )}](x — )
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Proof: Let take the double Dirichlet average for (k=x=2) of (p, s, k) Mittag-Leffler

function pE, k 5.5(10z0V) into consideration with the help of above equation we get
11

S(us, tz; 2 p1, p2) = ff{pEkaﬂ(u ° z ov)}dmy,,, (Wdm,,,, () (L)

0
We get the followmg equation interpreting on equation (4.1) and interchang-

ing the order of integration and summation

p(]"} Zn 13 :
—— | (ue zov)" dmy,,,, () dm,, . (V)
T (NB+9) n! Lo Hyt P12
00

S(uy, t2; 2, pr, p2) = Z

n=0p Fsk

Applying above equations , we have

Pty Feite) s 9

S(#l’ ﬂZ;Z; pi'pZ) F(;H)F(,uz) r(pl)r(pz) =0 FSR{RS‘FI?]

xff[uv(a—b—c+d)+u(b—d)+v(c—d)+d]"

X utr™1(1 — w)f2~tdu vPr~t (1 —v)P2 1t dy
We suppose that a=x, b=y, c=d=0 then we get

S( . g )=r(u1+ﬂ2) F(91+P2) oo Mﬁ_
HoHar % P P2) = QDT () T ()T (92) Luinmo plon 6+9)

x [ f [uv(x — y) + uy]"
G

X utr~ (1 — )"l duvPim1(1 —v)P2"l dv

_ T(ug + o) F'(pg +p2) O pm“-“
$bao 3 22210 P2) = 0 571y Tp T (p3) Lanmo pFon 68

xff[vx+y(l—v)]"
00

X u*“l“""“l(l —w)H2~l yP1m1(1 —y)P2-1 du dv



34 Applied Science Periodical [Vol. XXV (2), May 23]

Also, with the help of well-known Beta and Gamma function, we get

S(tty, o) 23 ) Iy + u)T (py + p2)I (g + 0 (pz) O __?9_“}_;(3_
L H2i % PYP2) = PO Q)T (o) T ()T (i + Hy + 1) Lo plax (10+D)

X fol[v(x —y) + y]*vPrm(1 —v)P2" 1 dv
Suppose v(x-y) =t then we have

F'(pr+pa)  (H)n Z“’ R ai”
r(pl)r(pZ) (#1 + ﬂz)n n=0 p[‘s.k (no+9)

S(U1, Uzs Z; p1, P2) =

x=y (4 p1-1 ¢ \P2=1 44
Utilising the explanation of fractional calculus given in above result, we
obtain
(u))n  T(p1+p2) iepi=pa
(x—y)
(u + 1) Tpy)

X [D22{xPr1pELS o (v + )] (x - )

Sy, o3 25 P, P2) =

Special Cases:

1. Lets=1,p=1and k=1 fulfill the condition of theorem 4.2, k=1 and p=1 then
the following result holds:

S, 23 Z; p1, P2)

_ Tpyt+p2)  (Uydn _ i o T pr-1pY _
r(py) (Hy+i2)n (x =) [Dx-.v % Ea,a(Y+t)}](x y)

which is well known result by Gurjar M.K. (2020).

2. Lets=1,p=1, k=1 and y=1 fulfill the condition of theorem 4.2, then the
following result holds: -
St 423 2 p1, P2)

_lpy+pz) Q) 1=pimPz
= (x —¥) [
I(py) (U + pta)n
which is well known result by Gurjar M.K. (2020).

D2 {rPr1Eg 4 (v + 1)} (x — ¥)
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Conclusion:

In this paper, we develop results for Dirichlet averaging associated with

special functions generalized by fractional derivatives in the form of Bessel-Maitland
and M-L functions. Dirichlet average of two and three variables, Dirichlet measure,
partial derivatives. The relation between generalized special functions is obtained by
fractional derivatives. Some results have been derived by Thakur, A.K. et. al. (2015),
Gurjar, M.K. (2021) and are special cases from other main results.
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