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Abstract:

In this paper, we applied new results on Laplace Transform for solving
the Partial Differential Equations of triple variables, that is, Wave equation &
Heat equation. Through this methodology we tried to prove that this method is
very effective & convenient for solving Partial Differential Equation.

1.1 Introduction and Preliminaries:

The Concept of Laplace Transform are used in the form of wave equation
in Mathematical Physics, Applied Mathematics and Engineering field. There it
is known that there are two types of equation one is Homogeneous equation that
has Content Coefficient with many classical solution such as separation of vari-
ables by G.L. Lamb [1995], the method of characteristic result by V.T. Single [ 1980]
and C. Constanda [2000] single Laplace of fourier transform by D.G Duffy [2004]
at non homogeneous equation with constant coefficient solved by double Laplace
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transform by A. Babakhani and R.S. Datiya [2001]; Hassan Eltayeb and Adem
Kilicman [2013]. In this study, we use triple Laplace transform to serve equation
and partial differential equation. We use the method by Hassan Eltayeb and Adem
Kilicman (2013), where they extended two-dimensional convention theorem.

First of all we recall the following results given by Kilicman and Godain
[2010]. The double Laplace transform is define by

LiLi f(x,5)]= F(p,s)=[, e ["e P f(x,t)dtdx (1.1.1)

Where x, ¢ > 0 and p, s are Complex and the first-order partial derivative is defined
follows

a[f(x,
Lile L&y Py, 5) - F(0,5) (1.1.2)

Double Laplace transform for 2" order partial derivative with respect to x is
given by

Lxx [32[_;’51 t)]} 2 F(p, S) — F(O ) B[F(O t)] (113)

and double Laplace transform for second partial derivative with respect to ¢ similarly
on the previous is given by

i, [32[f(‘t' t)]] s2F(p,s) — s F(p, 0)_3[1"‘8(2,0] (1.1.4)

In a similar manner, the double Laplace transform of a mixed partial derivative
can be derived from a single Laplace transform for as

2
LeLe [SLE=psF(p,s) - pF(p,0)- sF(0,5) — F(0,0) (1.1.5)

Now the triple Laplace transform is define by
LIL}’Lf[f(xsys S)] E F(ps q, S)
=[, e[, e [ e f(x,y t)dtdydx (1.1.6)

Where x, y, t>0 and p, g, s are complex number and the first-order partial derivative
as follow
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af f(x.t)
LilyLe [PL2=pF(p,q,5)- F(0,q,5) = F(0.4.5) (1.1.7)

X
Triple Laplace transform for 3 partial derivative with respect to x is given by

a3 W, a .4,
e [SLEX_p2 £ (p, g,5) ~ p2 F(0,4,5) = p F(0,,5) 22 (1.1.8)

And Triple Laplace transform for 3™ partial derivative with respect to y is given by

Bflx.yt a[F(p.o,
Lyyy [_[f;%y_)]]=q3 F(p,q,s) —q* F(p,0,s) = q F(p,0, s)~%;s-)l (1.1.9)

Similar to ¢ with respect 3" order partial derivative with respect to # is given by
33 [f(xy.0)] : d[F(p.q.0)
Leee [FL52N=53 F(p, q,5) = 52 F(p.42,0) = 5 F(p,q,0) 27522 (1.1.10)

In the same way, the triple Laplace transform of a mixed partial derivative
can be a define as

a3[r(xy.t)
Lebyle [FLe22= pasF (p.q.5)- pF (9, 0,0)

— qF(0,q,0)-sF(0,0,s)- F(0,0,0) (1.1.11)
1.2 Main Theorem:

In this section, we develop some theorem by the definition of above concepts
which of extension of the Hassan Eltayeb and Adem Kilicman [2013].

Theorem (1): If at the point ( p, g, 5) the integral

Fi(p,q,8) =y o Jo €72 F\(p,q,s)dxdydz (1.2.1)
is convergent and the integral

Fy(p.q,s)=I3 I3 1o P95 Fy(p, q,s)dxdydz (1.2.2)
is absolutely convergent then |

F(p,q,s) = F(p.q.5).F5(p.q,s)

in the Laplace transform of the function
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[ 2) =1 L F (-0, y-B, z-7) Fy(t, B, Y)dodBdy  (1.2.3)
are the integral
F(p.q.5) =g Jo Jo €72 F(p,q,5)dxdydz (12.4)

is convergent at the point (p, g, s).

Proof: The uniqueness and existence of Laplace transform first of all, let /(x,y,?)
be a continuous function, which is of exponential order for some a, b, ¢ € R. Consider

If(x.y.0l
B eaxrbyrer < % (1.2.5)

x>0
y>0

In this case, the result is Triple Laplace transform of
F(p,q,8)= Iy g Iy €P*% F(p,q,s)dxdydt (1.2.6)

exists for all p>a, g> b and s> ¢ all functions in this study are assumed to be expo-
nential order of the f(x, y, f) can be uniquely recovered from F(p,q,s).

F(p,q,s)=ly o Iy €™ %5 F(x,y,z)dxdydz

Theorem (2): Let f{x,y, f) be the continuous function defined for x,y, #>0 Laplace
transform F(p, g,s) and G(p,q,s) the f(x,,1) = g(x,, ).

Proof: If o, B and 'ysufﬁoiently large then the integral representation by

Sy, ) =55 ﬁt:ep x{Q—;a i :: { f.ﬁ; ' F(p,q,s) }} dsdpdgq

=211u zj: {2m jﬁﬁm { J-'YY:o * G(p,q,S)}} deapig

=g(x,y,) 2T

Theorem (3): A function f(x,y, ) which is continuous and satisfies the growth
condition defined as
Fix,p,0)=

E.:l_ll_ﬂff I\ Myma1 M1, l4min (L M1
h—m’ l'min! (m) (_;)m (z) @ m n(x y z) (128)
y—o
Z—o
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Where ¢**"*" is derived by (/+m+n)th mixed potential derivative of F(p,q,s).
al+m_+n F(p,q,s) _
op'9g™os"

Qftmtn= forx,y, >0

Proof: Prove of the theorem as similar to previous theorem obtains in term of

F(p, q,S).
Example : Let f{x, y, f) = ™
The Laplace transform is easily found to be as follows

FPa9) = gy +bsto) Wk

It is above simple to verify that

al+m+nF(p$ q,8 ) .
g mlalC DT (pr gyt (g by ™ (s+e) ™ (1.2.10)
p oq oS
a!+m+n F(p’q’ 5)
307" into theorem (3) given the following result
P oq oS
r""lmmﬂnnﬂ / -1-1 ”: -m-1 " -n-1
F(x,y,1) =f}1,_;n% x[+lym+lzrz+l ( +x—] (b+JT] (C-!-T} (1.2.11)
Z—¥c0
i | -m-1 -n-1
= lim(l-i-%} [1+Q] (H_C.{]
= = "

The last limit is easy to evaluate take the natural log of both side and write
the result in the form

[1,(1+a,/)/(1/1+1)] - [1,(1 +by/m)/(l/m+1)] S [L,(1+¢,/n)/(1/t+1)]

Using the L. hospital rule that the indeterminate from approaches -ax - by - ct.
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The continuity of the natural logarithm shows that
In ( f(x, y, t)) = -ax-by-cz
then f(x, y, f) = e &2

1.3 Properties of triple Laplace Transform:

In this section, we consider some of the proposition of the triple Laplace
transform that will be enable us to find further transform pairs { f(x, y, f), f(p,q,5)}
without having to Compute consider the following

(1) F(p+e, q+f, s+8) = LxLyLi[e*P# f(x, y, 0)(p, 4. 5)

(2) Vk F[p/o, q/B, s/y] = LcLyL[ f(ox, By, Y£)], where k= o3y

S (p.g.s)
op'9g™os"

3) = LeLy L[ (-1 xl ym o f(x, y, O1(p, ¢, 5) - (1.3.1)

Proof:
(1) LeLyLi[e € f(x, y, D)(p, g, ) = Ig I o € P8 PP f(x, p, dt dydx
= [o e B[ e P E fix,y, ndtdydx] (1.3.2)
We calculate the integral inside brackets as |
o €&PE fix,y, H)dt = fix,y,s+c) (13.3)
By substituting we get,
LiLyLi[e ™ f(x,y,5+0)|(p, 4. 5) = I I € “ P& (x,y, 5+ c)dxdy
=F(p+te,q+f,s+c) (1.3.4)
We have
LeLyLs = [ f(ox, By, Y01 ps g, ) = I g I @ fowx, By, yr)dxdyd
=Rl e By
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% srl [pq }dz——F[p q,fJ (1.3.5)

| o B op B
The last property from the definition of Triple transform
F(p, g, 5) = Iy o Jo € PP~ fix, , )dxdydt (1.3.6)
So that

a;’+m+n F(p,q,s) a!+m+n
op’ 9g"9s” - dp'9g™s"

SIS T e P fix, y, dxdyd (1.3.7)

By the convergence properties of the important Integral, we can interchange
the operation differentiation and information and differentiate with respect to p, g
and s under the given. Thus

- r CA { " d
op'ogmas”  Jo 9s" og™ dp W

which on carrying out the repeated differentiation with respect to p, g, s is given as

e flx,y, f)}} (1.3.8)

a"+m+”F(p-q95)
op' 9g™0s"

= (-] )/tmtn ,[;o f;o J:; xlymne™StDYPE fix v, dxdydt

= (-1 LeLyLy [x'y™t" fix,y,0)](P,, ) (1.3.9)

Proof of theorem (3): Let first defined the set of function depending on the para-
meters /, m, n as

1]+lmm+1nn+l ; e
g{,m,n(x’y9 t) = I'mn! X ymtne S
S0 Jo Jo Jo & -3, Ddxdydt = 1 (1.3.10)

lim JoTo 1o &, n6o 1) 0Ce,y, D)dxdydr = 6(1,1,1)

_)m
e
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Where ¢(x,y,?) is any Continuous function let us develop its Laplace transform for
as a functionp, g, s by

LyLy L [X'y™ " f(x, v, H)](p, g, 5)

Now, we define the function

¢(x9y> f) zf(xx(byyﬂs HO) and by property (2) we have

LxLth [(P(x,y, I)] (p9 q, S) S LxLyLr [f(-":xOSWOS ﬁﬂ)](ps q, S)
ao b (PGS |
- [xo 1 ZO} (13.11)
We apply properly (3), On evaluating partial derivation of mixed /+m+n
type function F(p, g, s) at points

p=1/x,q=m/y and s = n/t as follows

al+m+n F(p,q,s)
op'9g™9s”

= LxLyLl [(P(X,y, I)](p, q, S)

_ 1 Jfmtaglpas) F( pq s ]

- ——— 1.3.12
x6’+ly0m+lt61+l ap[aqmasn ( )

X0 Yo 29

Let 0(x, y,7) = e ¥ ¢(x, y, ) by using (1.3.10), we get

¢( 1 ’ 19 1) o e-p-q-s(p(xays t) = e-p-q-s f(xOyOZO)

. ZI+] m+1 n+1
lim
I—0e  ['min!
H—oa
n—yoo

I 1o Ty xtymmePe-ar-st gbmynt oy Haxdy  (1.3.13)

l!-l-l mm+1 nn+ 1

LeLyL:[x!y™ ™™ o(x, v, 0)(p, q, 5) (1.3.14)

lim
[0 ['m!n!
M—>c0
n—yoo

By using the expressions properties (1) and (3) of the triple Laplace trans-
form (1.3.13) and the definition of @(x, y, 7). We get
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LiLyL[x'ym e ™™ o(x, v, 0)(p, g, 5)
(_ 1 )I+m+ﬂaf +mtn
- dp'9g™ds"
(- 1 )!+m+naf+m+ﬂ
N op'9g™s"

{LeLi{e™ ™ o(x,,0} (P, q,5)}

[LLyLi[e™ ™" o(x,y,](P, g, 5)]

I+m+tn

+ oy

=(_1)f+m+nl a F(p l, q m’ S+n]] (1315)
Z 3plagmas" | \ %o Yo fo

1
Where > =———-—— from (1.3.14) and (1.3.15)
Xo Yol

With f(xov0,2) = e 1™ 6(1,1, 1) we have f(xy 1o, ?)

+1 mt+l wntl
. Zl m n / +1 m mtl n n+l
&P i [_] m H
e Mminl X Yo fo
R—yo0

a‘”'m"’" |iF( ptl gtm S+nﬂ
Ip'9g™ds"

Xo Yo Iy

for any pgs, the statement is therefore is actually join the special case for p=0,
g=0, y=10.

Example: Find the triple Laplace transform for a regular generated function

FCe, v, )=H(O)*H(y)*H(x) . In(£)In(y) In(x) (1.3.16)
> [f(x,, t)]-| i { " i ] _ " 4
{ 0x0dyot ] dxdyot Ay A )

H(t)*H(y)* Hi
Zn(f)zn(}")ln(x)=pt|: (t) x.}fi;) (x)jl

Where H(x,y,f) = H(f) * H(y) % H(x) is a main side function and X'is tensor product.
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The triple Laplace transform with respect to x,y,7 and 1 becomes
LeLy Li[ £, p, D1 = g eP1nx) [g e P 1u(y) Jg € In(O)dlt dydx
= % P L)+ Lnplnglns] (13.17)
Where 'Yz is Euler’s constant [6]. Then
LiLyLi[f(x, y, 8)] = - % [yz+ Inplnglns] where Re > 0 (1.3.18)

Triple Laplace transformation and (1.3.17) with respect to x, y, ¢ is obtained
as follows

O’[fx.y.0)]
0xdyot

LyLyL [ } = L Ly Li{ H(t) H(Y)H(x) In(£) In(¥) In(x)]

=pqs[$ [vz+fn(p)zn(q)zn(s)]]
=Y+ 1n(p) In(q) In(s) (1.3.19)

Example: Let us now find triple Laplace transform of the function

(xo+yB+27) = H(f) x H(y)x H(x)x*yBzY where afy=-1, -2, .....
Since x*+yB+zYel
The triple Laplace transform of the function

(xo+3B+2Y) = H(x)x H(y) < H(f)x*yBzY is given by

LeLyLi[(xo-+)B+20)] = [Txee™ [Be®? [21e™ dtdydx (1.3.20)
On partial

e V=qy, W=s, forp,q,t>0

LeLyLi[(xo+yB+20)] = [ ue™ [ vBe™ [ wie™ dwdudv

1

=éd+lqﬂ+15?+1 o+ DI(B+DI(y+1) (1321}
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Consider in the several telegraph equation of the following form

Urxx= Uxxx T U+t u+ f(x, v, 1) (1.3.22)
With boundary condition

U0,y 0)=£1(0), ux(0,y,0)= /(1) u(0,y,)=f3(2) (1.3.23)
And initial condition

(.3, 0)=£1(2). 1(x.7.0)= £2(2), (1.7, 0) = 25(x) (1.3.24)

We apply three Laplace transform and we single Laplace transform for (1.3.23)
and (1.3.24) after taking three inverse Laplace transform we get the solution of (1.3.22)
in the form

F(p,s)+p*F,(s)+pFy(s)+ F3(s) G,(p)- Go(p)-Gs(p)
p3-53-52-5-1 pi-s3-52-5-1
(1.3.25)

Ui, ) =L L L

There we assume that the triple Laplace transform from exist for each term
in the eight site (1.3.25).

An application to partial integral differential equation let us consider the
following integral differential equation.

Uit~ thoxe- thoct U+ 3100 gCe- 0,y - Boz-Y)dodBdy = £(x,, 1) (1.3.26)
With boundary condition

U(0,y,6)=£1(8), ux(0,y, )= f(5), uy(x,0, )= £5(¢) (1,.3.27)
And initial condition

u(x,0,0)=g1(x), w/(x,0,0)= g2(x), ur(x,y,0)= g3(x) (13.28)

By taking Laplace transform for (1.3.27) and simple Laplace transform
(1.3.27) and (1.3.28) we get
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p_1 1
Gi(p) Gaq) Gs(r)

Up,q.5) = — 1.3.29
(.9.5) P 4G ) ( )

By applying three inverse Laplace enter the we get the triple and Laplace
transform solution and in the following form

E o 1 p 1 1
6.0 6@ o Fe)  Be) TR TP

Up,q,s) = LI
(p q ) p=~q p3'S2+1+G(pgS) p3-S3-32+1+G(P93)

(1.3.30)

We provide the three inverses Laplace transform for (1.3.29) and we set the
solution (1.3.30).
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